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Abstract 



o 
o 

In the MSSM, we make a careful tree-level study of Charge and Color Breaking 
conditions in the plane (H2, ul,ur), focusing on the top quark scalar case. A simple 
and fast procedure to compute the VEVs of the dangerous vacuum is presented and 
used to derive a model-independent optimal CCB bound on At. This bound takes 
into account all possible deviations of the CCB vacuum from the D-flat directions. 
For large tan/3, it provides a CCB maximal mixing for the stop scalar fields t\,t2, 
which automatically rules out the Higgs maximal mixing \AA = y/6mz. As a result, 
strong limits on the stop mass spectrum and a reduction, in some cases substantial, 
of the one-loop upper bound on the CP-even lightest Higgs boson mass, m^, are 
obtained. To incorporate one-loop leading corrections, this tree-level CCB condition 
should be evaluated at an appropriate renormalization scale which proves to be the 
SUSY scale. 
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1 Introduction 



Unlike the Standard Model (SM), the scalar sector of the Minimal Supersymmetric Stan- 
dard Model (MSSM) is extremely large and contains many scalar fields, some of them 
having non-trivial color and/or electric charges. The presence of such a large sector is 
dictated by supersymmetry (SUSY) [p], ||. At the Fermi scale, global SUSY must however 
be broken and soft SUSY breaking terms which enter mostly in the scalar sector of MSSM 
distort the simple analytic structure of the SUSY effective potential and are responsible 
of a blowing-up of the number of free parameters in the MSSM [0, |2j. There are many 
ways to reduce to a great extent this huge number of parameters, further improving the 
predictivity of the MSSM. Each one relies on some particular scenario of SUSY breaking 
and mediation to the MSSM spectrum || [|. Whatever such a model-dependent scenario 
may be, phenomenological consistency at the Fermi scale requires that spontaneous sym- 
metry breaking of the SM gauge group should occur into the ElectroWeak (EW) vacuum, 
not in a color and/or electric charged vacuum. This Charge and Color Breaking (CCB) 
danger which does not exist in the SM was quickly realized in the MSSM ||, and has 
been extensively studied ever since || |6|, [7|, ||, |9|, [[(J , providing useful complementary 
CCB conditions on the soft parameters. 

The major difficulty in obtaining reliable CCB conditions comes from the extremely in- 
volved structure of the effective potential whose global minimum determines the vacuum 
of the theory. As a consequence, CCB studies concentrated on simple directions in the 
scalar field space, restricting also often to D-flat directions pL E), [7L |9| . The last require- 
ment simplifies greatly the analytical study of the minima of the potential and provides 
already rather strong CCB constraints which may in some cases rule out model-dependent 
scenarii fTj or, at least, severely constrain them || 0. Another alternative is to handle 



the problem in a purely numerical way M, |10|, a rather blind method, time-consuming 



which moreover faces the danger of missing CCB vacua because of the complexity of the 
potential. 

Only but a few studies considered analytically, or semi-analytically, possible deviations 
of the CCB vacuum from D-flat directions. In ref.Q, in particular, it was shown that in 
the interesting field planes (Hi, Hi, tr,, £r) and (Hi, H%, iz,, £r, vl), such deviations of the 
CCB vacuum typically occur, due essentially to large effects induced by the top Yukawa 
coupling || . To take into account this important feature, a semi-analytical procedure was 
proposed, and then illustrated in an mSUGRA context, giving refined CCB conditions 
in terms of the universal soft parameters at the GUT scale |J. We stress however that 
model-dependent assumptions are implicitly present in this procedure, and need to be 
relaxed to get a fully satisfactory model-independent picture of CCB conditions. Further- 
more, this procedure, somewhat, does not lend itself easily to the derivation of analytical 
expressions for the CCB Vacuum Expectation Values (VEVs) of the fields, and, hence, for 
the optimal conditions to avoid CCB. On the technical side, our purpose in this paper is 
to overcome these difficulties, though in the restricted plane (H 2 ,tL,tR). This plane will 
actually provide us with a simplified framework where to present in detail an alternative 
procedure to evaluate the CCB VEVs. This way we will include in our study all possible 
deviations from the D-flat directions, and obtain an accurate analytical information on 
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them. This procedure can also be adapted to extended planes, and the present study will 
be followed by a complete investigation of CCB conditions in the planes (Hi, H 2 , t^, i R ) 
and (H h H 2 ,t L ,t R ,u L ) 00. 

More fundamentally, the plane (H 2 ,tL,t R ) is also of particular interest for the following 
reasons: 

i) The CCB vacuum typically deviates largely from the SU(2)l x U(1)y D-flat direction, 
as already observed in ||, but also from the SU(3) C D-flat direction. The latter result, 
also shared by the potential in the extended planes (Hi, H 2 , II, t R ) and (Hi, H 2 , II, t R , vi) 
11, 121 1, is in disagreement with the claim of |J. As we will see, this important feature 



must be incorporated in order to obtain an optimal CCB condition which encompasses the 
requirement of avoiding a tachyonic lightest stop. We will give simple analytic criteria for 
alignment of the CCB vacuum in D-flat directions and show that alignment in the SU(3) C 
D-flat direction is in fact a model-dependent statement which is approximately valid in 
an mSUGRA scenario 0, but not in other interesting models, e.g., some string- inspired 
or anomaly mediated scenarii 0]. 

ii) For large tan/3, the EW vacuum is located in the vicinity of the plane (H 2 ,iL,t R ). 
Therefore, in this regime, the study of this plane is self-sufficient: the free parameters 
entering the effective potential are enough to evaluate the optimal necessary and suffi- 
cient condition on A t to avoid CCB. This does not mean that CCB conditions in the 
plane (H 2 , t L , i R ) are useless for low tan (3. We will give in this paper an analytic optimal 
sufficient condition to avoid CCB in this plane, and, to evaluate the complementary op- 
timal necessary CCB condition, we will simply need some additional information on the 
depth of the EW potential, which reduces in fact to a particular choice for tan j3 and the 
pseudo-scalar mass m^o. 

Our purpose in this study is also to consider some physical consequences at the SUSY scale 
of the CCB conditions. We will investigate in detail the benchmark scenario Msusy = 
mi L = mi R and tan/? = +oo, often considered in Higgs phenomenology Jl3|, [14]]. In this 
case, the stop mixing parameter equals the trilinear soft term, A t = A t + fi/ tan/3 = A t . 
We will show that the so-called Higgs maximal mixing \At | = \/6m^ is always largely ruled 
out by the optimal CCB condition. This will lead us to introduce a CCB maximal mixing, 
which induces strong bounds on the stop mass spectrum. Another direct implication of 
this result is a lowering of the one-loop upper bound on the CP-even lightest Higgs boson 



mass rrih reached for such a large tan/? regime [|13|, [14|]. For illustration, this point will 
be considered in a simplified setting, where only top and stop contributions to will be 
taken into account, assuming m^o 3> m^o. This will already point out the importance of 
CCB conditions in this context, but should however be completed, to become more real- 
istic, by a refined investigation including all one-loop and two loop contributions to m h 
] [13| , [14| . In these illustrations, the leading one-loop corrections to the CCB condition will 
be incorporated by assuming that the tree-level CCB condition obtained are evaluated 
at an appropriate renormalization scale, estimated in fact to be the SUSY scale |6|, [0| . 
This way, we expect the results presented in this paper to be robust under inclusion of 
such radiative corrections. Finally, we note that these results can be shown to be also 
numerically representative of the large tan/3 regime with small enough values of the su- 
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persymmetric term /i, i.e. tan/5 > 15 and < Min[my\p , M SUSY } jnj. 

iii) As is well-known, for metastability considerations, CCB vacua associated with the 

third generation of squarks are the most dangerous ones ID, |TB]| . This comes from the 



fact that such vacua prove to be rather close to the EW vacuum, resulting in a barrier 
separating both vacua more transparent to a tunneling effect. We will see that combining 
experimental data on the lower bound of the lightest stop mass, , with precise CCB 
conditions already delineates large regions in the parameter space where the EW vacuum 
is the deepest one and, hence, stable. Outside such regions, an optimal determination 
of the modified CCB metastable conditions requires first a precise knowledge of the ge- 
ometrical properties of the effective potential, e.g., the positions of the CCB vacua and 
saddle-points. In this light, the analytical expressions presented in this article provide an 
essential information to investigate precisely metastability. 



The paper is organized as follows. In section 2, we first review the issue of CCB 
conditions in the plane (H 2 ,ul, ur) in the D-flat direction. We turn then to the full plane 
case for the third generation of squark fields and give a first simple analytical sufficient 
condition on A t to avoid CCB. In section 3, we detail our semi-analytical procedure 
to obtain the VEVs of the local extrema in this plane, discuss the deviation from the 
SU(3) C D-flat direction, and give an optimal sufficient bound on A t to avoid CCB. We 
discuss finally some geometrical features of the CCB vacuum. In section 4, we discuss 
the renormalization scale at which the tree-level CCB conditions obtained should be 
evaluated in order to incorporate leading one- loop corrections. In section 5, we summarize 
the practical steps needed to evaluate numerically the optimal necessary and sufficient 
CCB condition on A t . Sections 6-7 are devoted to numerical illustrations and, for large 
tan p, to phenomenological implications of the new optimal CCB condition for the stop 
mass spectrum and the one-loop upper bound on the lightest Higgs boson mass. Section 
8 presents our conclusions. Finally, the appendices A and B contain some technical 
material and the generalization of this study to the plane (Hi, bi, &r), valid for a large 
bottom Yukawa coupling, or equivalently for large tan (3. 



2 CCB conditions in the plane (#2, ^l, w^) 

We consider the tree-level effective potential in the plane (H 2 ,ul,Ur), where H 2 denotes 
the neutral component of the corresponding Higgs scalar SU(2)l doublet, and ul, ur 
are respectively the left and right up squark of the same generation. In this plane, the 
tree-level effective potential reads 

V 3 = m\Hl + m\ L u\ + m\ R u\ - 2Y u A u H 2 u L u R + (R\u\ + E\u\ + u\u\) 

,9l (tt% , j^R \ 2 i 92 lT j2 ~2 \2 | di ,~2 ~2 \2 /i\ 
+ -^-1^2+^ g-J + -^K H 2- U L) +-^K U L- U r) I 1 ) 

We suppose that all fields are real and that H 2 , ul are positive, which can be arranged 
by a phase redefinition. The Higgs mass parameter m\ = m? H2 + /i 2 can have both signs, 
fflff 2 being the soft mass of the corresponding Higgs field; m| ,m| are the squared soft 
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masses of the left and right up squarks and are supposed to be positive to avoid instability 
of the potential at the origin of the fields; Y u and A u stand for the Yukawa coupling and 
the trilinear soft coupling and are also supposed to be real and positive, which can be 
arranged once again by a phase redefinition of the fields; finally g±,g2, #3 are respectively 
the U(l)y, SU(2) l , SU(3) c gauge couplings. 



2.1 The D-flat direction 

In the D-flat direction |if 2 | = \ul\ = \ur\, the potential V3, eq.(|l|), may develop a very 
deep CCB minimum, unless the well-known condition |5|, [J 

Al<(A° 3 ) 2 = 3(ml L +ml R + m 2 2 ) (2) 

is verified. Strictly speaking, as the extremal equations easily show, the global minimum 
of the potential V3, eq. ([!]), lies in the D-flat direction only for: 

2 2 2 fo\ 

m u L = m u R = m 2 (3) 

However, in the small Yukawa coupling regime, valid for the first two generations of 
quarks, the VEVs of the CCB vacuum are large, < </> >~ A U /3Y U . The vacuum then 
proves to be located in the vicinity of this direction || [|, even for large deviations from 
the mass relations in eq.(^). Moreover, due to the smallness of the Yukawa coupling, this 
CCB minimum is very deep, < V 3 > < — A 2 A\A\ — (A® 3 ) 2 ]/27Y 2 , and, with increasing 
A u , gets rapidlyQ deeper than the realistic EW vacuum. As a result, the relation eq.(fj) 
turns out to provide an accurate necessary and sufficient condition to avoid a CCB in this 
plane [§, g. 



In the large Yukawa coupling regime, valid for the top quark case, the condition eq.(fj) 
is now only approximately necessary, because in some (small) range of values for A t where 
it is not verified the CCB local minimum in the D-flat direction develops without being 
deeper than the EW vacuum. It is however no more sufficient, the true global CCB 
minimum of V3, eq.(|ip, being in general located far away from the D-flat direction |J! 
Obtaining the most accurate conditions to avoid CCB in the top quark regime needs to 
explore the scalar field space outside D-flat directions, a more difficult task which is of 
particular phenomenological interest, as we will see. In the following, we focus on this 
interesting regime in order to get a complete model-independent picture of CCB conditions 
in the plane (H2,tL,tR). 



2.2 The full-plane case 

Beyond a critical value for the trilinear soft term A t , a dangerous CCB minimum, deeper 
than the EW vacuum, forms and deepens with increasing values of A t . In ref. ||, it 
was advocated that such a global CCB minimum is located in general far away from 

1 Within less than 1 GeV. 
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the SU(2)l x U(l)y D-flat directions, but close to the SU(3) C D-flat one. This work 
was performed in more extended planes with additional scalar fields, Hi and possibly a 
sneutrino field which we will consider in separate articles O, IT3]. Already in the 



plane (H 2 ,tL, in), our study indeed shows a typical large deviation of the CCB vacuum 
from the SU(2)l x U(1)y D-flat directions. However, in a model-independent way, we 
disagree with the claim of ref.[[J that the CCB vacuum always proves to be located in 
the vicinity of the SU(3) C D-flat direction. Actually, alignment in this direction depends 
on the magnitude of the soft terms At,mi L ,mi R [see sec. 3. 2] and occurs in two different 
circumstances: either i) = rni R , or ii) A t 3> mi ,mi R . Any discrepancy between the 
soft masses m ( - L ,m t - fl , as happens for instance in some anomaly mediated models Q, is the 
source of a possibly large departure of the CCB vacuum from the SU(3) C D-flat direction 
and, ultimately, of a sizeable enhancement of the optimal condition on A t to avoid CCB. 
To consider this feature, we introduce a new parameter which conveniently measures the 
separation of the CCB extrema from the SU (3) c D-flat direction 

I^f (4) 

Alignment in the SU(3) C D-flat direction corresponds to < / >= ±1. 
We replace now Ir — > f ii in V 3 , eq.(|l|), which is unambiguous provided ti, ^ 0. By 
inspection of the extremal equation associated with the field t^, it is easy to obtain a 
critical bound on A t below which no CCB local minimum may exist. The non-trivial 
solution for the VEV <t^> verifies 

A 3 <t L > 2 +2B 3 = (5) 

where A 3 = gf(A < f > 2 -1) 2 /18 + g 2 2 /2 < f > 4 +2g 2 (< f > 2 -l) 2 /3 + AY 2 < f > 2 . 
This term is a sum of squared terms, therefore always positive. This implies the inequality 

2 [(12F t 2 - Ag\) < f > 2 +12Y? + g\ - 3g\\ 



B 3 = <H 2 >< 
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-2A t Y t <f><H 2 > +m 2 h + <f> 2 m 2 R <0 (6) 

B 3 may be considered polynomial in < H 2 >• For Y t > Max[y/(3g$ - gf)/12, gi/V3] 
the coefficient of the quadratic term in < H 2 > is positive, whatever < / > is. At the 
EW scale, this relation reduces to Y t > 0.3, which anyway must be verified in order to 
have a correct top quark mass m t ~ 175 GeV. Obviously, the running of the parameters 
Yt,gi,g 2 with respect to the renormalization scale will not alter this result, so that we 
can safely conclude that this coefficient is always positive. Actually, this is precisely the 
turning point where the qualitative difference between the large and the small Yukawa 
coupling regimes enters the game. 

Keeping in mind this feature, eq.(H) implies that < f > (and thus < £r >) must be 
positive. The negativity of B 3 requires in addition the positivity of the discriminant of 
B 3 considered CIS db polynomial in < H 2 >: 

A* 3 = K+</> 2 m 2 j? )[-4F t 2 (</> 2 +l) + |(4</> 2 -l)+^] 

+4A 2 Y 2 < f > 2 > (7) 
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This inequality may be expressed as a condition on A t 



(ml+ < f > 2 m] R )[-AY t \< f > 2 +1) + | (4 < / > 2 -1) + g*} 

4Y? < f > 2 



(8) 



The right hand side of this relation considered as a function of < / > is bounded from 
below and gives an absolute lower bound on A t below which A# 3 cannot be positive. This 
lower bound provides a first very simple sufficient condition to avoid any CCB minimum 
in the plane (H 2 ,t L ,tR): 



A t < Af ] = m- tl 




(3^ 2 ~ 9l 
12Y? 



~ m t L + m R 



(9) 



If this condition is verified, the global minimum of the potential V3, eq.(0), is automatically 
trapped in the plane = ti = and cannot be lower than the EW vacuum. 
Such a simple relation also sets a lower bound on A t above which CCB may possibly 
occur and is already quite useful to secure some mo del- dependent scenarii. As a simple 
illustration, we consider the infrared quasi-fixed point scenario for low and large tan/3, 
in an mSUGRA context |17|, [18[]. For a top Yukawa coupling large enough at the GUT 
scale, the soft parameters , and A t are strongly attracted in the infrared regime to 



quasi-fixed points. For y\M GUT = 5 and m < m^, where gi stands for the three gauge 
couplings that unify at the GUT scale, Mqut, and m , mi/2 are respectively the unified 
scalar and gaugino masses at the GUT scale, we have at one-loop level, in the infrared 
regime ||18||: 



m\ L ~ 0.70 Ml 
m\ L ~ 0.58 M 3 2 



m 2 ~ 

tR 

m 2 ~ 

tR 



0.48 M 



0.52 M 



for low tan/3 
for large tan/3 



(10) 
(11) 



giving A^ ~ 1.53 |M 3 | ( for low tan/3) and A [ ^' ~ 1.48 |M 3 | ( for large tan/3), where 
M3 is the gluino mass. Comparing these bounds with the infrared quasi-fixed point value 
\A t \ ~ 0.62 |M 3 | ( for both low and large tan/3) we see that the sufficient condition 
\At\ < A[ \ eq.(H), is largely fulfilled. Therefore, we conclude that the infrared quasi-fixed 
point scenario is free of CCB danger in the restricted plane (i^,^,^)- 



1(0) 



2.3 The critical CCB condition 

In order to study the CCB extrema of the potential V 3 , eq. ([!]), we suppose in the following 
that A t > Af\ Consistency requires that, at any CCB extremum, < f > and < H 2 > are 
restricted to intervals which depend essentially on the soft breaking terms A t ,mi L ,mi R : 
the positivity of A# 3 , eq.(^), which may be viewed as a polynomial in < / > 2 , restricts 
< / > in the interval given by the real and positive roots of A# 3 ; < H 2 > must be 
included between the real and positive roots of B 3 , eq.(||). The potentially dangerous 
region of positive < ti > 2 then proves to be located in a compact domain in the plane 
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(H 2 , /), growing with A t , with maximal extension 

< < H 2 X -== 6AYt = < ^ (12) 

" ^/{12Y? + gl-Zgl){W?-gi) Y t 



'A 2 - m\ (1 - ^/3F t 2 ) - m? (1 - (3^ 2 2 - s 2 )/121?) , 
< < / > < * n = £ — (13) 



rrtz 



tR 



'i - qI/zy? 



Let us now replace in the potential V 3 , eq.(|l|), II by the solution of eq.@, and calculate 
the remaining two extremal equations. The derivative with respect to H 2 provides an 
equation cubic in H 2 and quartic in / 

a 3 Hl + (3 3 H 2 2 + l3 H 2 + 5 3 = (14) 

with the coefficients 

a 3 = -36Y t \f 2 + I) 2 + [SgM + g 2 2 ) + Ag 2 l9 2 2 }(f 2 - I) 2 

+6YM4/ 4 + 6/ 2 - 1) + 18YM2/ 2 + 1) (15) 

& = 9AY/[(12y; 2 -4^ 2 )/ 2 + 12F 4 2 + ^ 2 -3^ 2 ] (16) 
73 = -72A 2 / 2 y, 2 -3(m 2 i+ / 2 m^^ 

+m 2 2 [72Y 2 f 2 + g 2 (4f 2 - l) 2 + 9g 2 2 + 12^ 2 (/ 2 - l) 2 ] (17) 

5 3 = 36A t Y t f(ml + f 2 m 2 iR ) (18) 

The derivative with respect to / provides an equation quadratic in H 2 and quartic in / 



a 3 fH 2 + b 3 H 2 + c 3 f = (19) 



with the coefficients 



a 3 = 2r, 2 [(18y; 2 -12^ 2 )(/ 2 -l) + 9^-^(16/ 2 -l)] 

+ {f - l)[Aglg 2 2 + 3Q? 2 + g 2 2 )g 2 } (20) 
63 = ^[12^ 2 (/ 4 -l)-9^ 2 + ^ 2 (16/ 4 -l)] (21) 
c 3 = -m 2 ir [36Y; 2 + 12^(/ 2 -l)+4^ 2 (4/ 2 -l)] 



-m 2 R [3Qf 2 Y 2 - 12gl(f 2 - 1) + 9g 2 2 - g 2 (4f 2 - 1)] (22) 



A dangerous CCB minimum will have to verify the system of coupled equations eqs. (|l^J19|) , 
with the additional constraints that < H 2 >,< f > should be contained in the compact 
domain where < t L > 2 > [see eqs.([L2], [13])]. 

To determine if such a CCB vacuum induces eventually a CCB situation, we need some 
additional information on the depth of the potential at a realistic EW vacuum. In the 
EW direction, the tree-level potential reads: 

V\ EW = m\Hl + m 2 2 Hl - 2m 2 3 H 1 H 2 + M±^(# 2 - Hi) 2 (23) 
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where Hi denotes the neutral component of the corresponding Higgs scalar SU(2)l dou- 
blet and is supposed to be real and positive, which can be arranged by a phase redefinition 
of the fields. Without loss of generality, we may also suppose that the Higgs mass param- 
eters m 2 ,m 2 are positive. The extremal equations in the EW direction read [ED]: 

m\ -m 2 2 tan 2 (3 _ m|o _ 

tan 2 /5-l 2 { ' 

(mf + ml) tan f3 - m^il + tan 2 (3) =0 (25) 

For tan (3 = v 2 /vi > 1, where v\, v 2 are the VEVs of the EW vacuum, the minimal value 
of the EW potential is given by: 

\m\ -mj + ^{mj + m\) 2 - Am\} 2 
< V >\™ = ^^f) (26) 

The realistic EW vacuum is furthermore subject to the phenomenological constraint v \ + 
v 2 = (174 GeV) 2 , to reproduce correct masses for the gauge bosons Z°, W ± . Experimental 
data also completely determine the gauge couplings gi,g 2 ,g 3 , and the top Yukawa coupling 
Y t , the latter as a function of the physical top mass. Besides, we note that the depth of 
the EW potential < V > \ew, eq.(f26|), can be expressed with the help of the extremal 
equations eq. ( p4| , |2"5"|) , as a function of tan (3 and the pseudo-scalar mass m^o = \Jm\ + m|, 
which have a more transparent physical meaning. Moreover, we note that in order to 
incorporate leading one-loop contributions to the tree-level potential V\ew-, eq- (|23|) , and 
therefore trust the results obtained with it up to one-loop level, the parameters should be 
evaluated at an appropriate renormalization scale Q ~ Qsusy, where this SUSY scale is 
an average of the typical SUSY masses at the EW vacuum || [T5| . We will come back to 
this particular point in sec. 4. 

Comparison of the depth of the MSSM potential at the realistic EW vacuum and at the 
CCB vacuum induces in addition a new non-trivial relation with the three remaining free 
parameters A t , m^ L , m% L which enter the potential V3, eq.(0). As a result, a critical bound 
A c tz above which CCB occurs is identified: 

CCB < U 3 > < <V>\ EW (27) 
& A t > A tA m t L , m i R i m 1 ,m 2 , m 3 , Y t , g u g 2 , g 3 ] (28) 

We anticipate again on sec. 4 and stress that this comparison of the depth of the tree- 
level potential at both vacua, and ultimately the value of the critical bound A^, also 
incorporates leading one-loop contributions, provided all parameters are evaluated at the 
renormalization scale Q ~ Qsusy- To investigate this point and determine v4£ 3 , we need 
obviously a precise knowledge on the location and geometry of the CCB vacua. Sec. 3 is 
devoted to this particular topic. For a rapid overview of the situation the interested reader 
may also refer to sec. 5 where we summarize some important points of this derivation and 
detail the practical steps to obtain the critical bound A^ 3 . 
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3 The CCB vacuum in the plane (iJ 2 ,?L 3 ^) 



3.1 The algorithm to compute the CCB VEVs 

To evaluate the CCB VEVs < H 2 > and < / >, a numerical step is now required. A 
numerical algorithm can be used for instance to solve simultaneously the two extremal 
equations eqs.( |Il||T§| ). Such a method is however unable to bring any precise analytical 
information on the simple geometric behaviour of the CCB extrema of the potential V3, 
eq. ([!]). Alternatively, we propose a procedure which has the good numerical properties of 
being fast, secure and easily implementable on a computer. Moreover, excellent analytical 
approximations for the CCB VEVs (at the level of the percent), and, ultimately, for the 
optimal conditions on A t to avoid CCB can be obtained with it. Finally, it can be easily 
adapted to the extended planes (Hi, H 2 , th, to) and (Hi, H 2 , th, £r, first considered in 
||, and this will enable us to shed new light on vacuum stability in these directions in a 



fully model-independent way [IT], [12 



This alternative procedure to evaluate the CCB VEVs may be summarized as follows: 
we first insert an initial value in the extremal equation associated with H 2 , eq . (|T4]) . 
This equation is then solved in H 2 . A solution H 2 , which proves to be close to the CCB 
VEV < H 2 >, is found. This solution is then inserted in the extremal equation associated 
with /, eq. (|T9|) , which is solved in /. We obtain an improved value p l \ closer to < / > 
than /(°). The method is then iterated in a similar way. As a result, we obtain a set 
of numerical values (H 2 n \ f^) n >o which proves to converge fast toward the true CCB 
extremal set (< H 2 >, < / >). 

More precisely, geometrical considerations confirmed by numerical analysis show that for 
a given set of free parameters A t , m t ~ L , , ... the potential V3, eq. ([[]), may have only 
two non-trivial extrema with < Il,r >^ 0: a CCB local minimum and a CCB saddle- 
point. Numerical analysis thus splits into two distinct branches, each one concerning one 
extremum. For simplicity, in this article we will not consider the behaviour of the CCB 
saddle-point solution, which is useful essentially for metastability considerations |9|, pLOfl - 
Concerning the local CCB minimum, the apparent ambiguity in the implementation of 
the algorithm on the correct solutions (H^\ /^) to choose for each value of n > is 
easily lifted. As will be shown in sec. 3. 3, when a CCB minimum develops, the extremal 
equation associated with H 2 , eq . ([14]) , has necessarily three real positive roots in H 2 . The 



correct solution (H% )n>o to follow is always the intermediate one. There is also no real 
ambiguity in the choice of (f^ n ') n >i, because the extremal equation associated with /, 
eq . ([T9|) , has always only one real positive root in /, which is our candidate. Besides, 
the solutions of the extremal equation associated with H 2 , eq.(|l4|) [which gives the set 
of values (H^ ) n >o]> prove to vary very slowly as a function of /. This feature tends to 
boost the convergence of the procedure. Actually, starting with a clever choice for the 
input value f(°\ the convergence is accelerated so that only one iteration is needed to fit 
the exact result with a precision of 1% or less, providing ultimately accurate analytical 
approximations for the CCB VEVs. 

For completeness, let us briefly compare this method to evaluate the VEVs with the 
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one presented in ref. ||. Assuming alignment of the CCB vacuum in the SU(3) C D-flat 
direction, as done in ||, i.e. < / >= 1, we obtain easily analytical expressions for 
the CCB VEVs depending only on the free parameters A t , m- th , Tn$ , whereas with 
the method presented in || a numerical scan is still required: taking =< f >= 1, 
the VEV < H 2 > is simply obtained with our method by solving analytically the cubic 
extremal equation eq.flUP; the squark fields VEVs < t L >=< i R > are finally obtained 
by eq.(^). In addition, our iterative algorithm enables us to take into account, with any 
desired accuracy, any deviation of the CCB vacuum from the SU(3) C D-flat direction. 
As noted before, in a model-independent way, such a deviation typically occurs. This 
point will be investigated more attentively in the next section, sec. 3. 2, by considering the 
extremal equation associated with /, eq. ([T9|) . A subsequent study of the extremal equation 
associated with H 2 , eq.flbl]), will also provide us with a model-independent optimal bound 
on A t , above which a local CCB vacuum begins to develop in the plane (H 2 , ti, to). This 
point will be addressed in sec. 3. 3. 



3.2 The deviation from the SU(3) C D-flat direction 



We consider now deviations of the CCB vacuum from the SU(3) C D-flat direction. In 
ref. 0, it was argued that, in a model-independent way, the CCB vacuum is located very 
close to this D-flat direction. As noted before, we disagree with this statement and show 
in this section that this assumption is model-dependent. Actually, such a deviation can be 
quite large, in particular for large discrepancies between the soft squark masses mi L ,mi R , 
and results in a substantial enhancement of the necessary and sufficient condition to avoid 
CCB, At < A c tz , eq. (p7|) . In fact, the critical bound A c tz can be shown to become more 
restrictive and this feature is essential, on a phenomenological ground, when it comes to 
relate CCB conditions with the requirement of avoiding a tachyonic lightest stop. As 
is well-known, a too large trilinear soft term A t can increase this danger, but also any 
discrepancy m^ L ^ m t R - The latter effect can be compensated only by taking into account 
the deviation of the CCB vacuum from the SU(3) C D-flat direction. 
The parameter controlling the deviation of the CCB vacuum from the SU(3) C D-flat 
direction is the VEV < f >. In the framework of our algorithm to compute the CCB 
VEVs, an educated guess for the initial value should incorporate information on 
the extremal equation associated with /, eq.(|T^). Numerical analysis shows that, to an 
excellent accuracy, < / > is related to < H 2 > by the relation 



< / >~ /(< H 2 >) = 



\ 



ml + Y t 2 < H 2 > 2 



mj + Y t 2 < H 2 > 2 



(29) 



If we neglect gauge contributions, f(H 2 ) is actually the exact solution to eq . (|T9|) . There- 
fore, this numerical observation simply reflects the fact that the deviation of the CCB 
vacuum from the SU(3) C D-flat direction is nearly independent of the D-terms contribu- 
tions in the potential V3, eq. ([[]). 
To go further, we need to approximate < H 2 >. We note first that f(H 2 ) is a slowly 
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Figure 1: < f >, / 3 (0) versus r k = (m t ~ £ /m f J fe , for k = 1, m- tR 
curves) and k — — 1, mf = 200 GeV (lower curves). We take v4 4 
118 GeV, Y t = 1.005, ^ = 0.356, g 2 = 0.649, g 3 = 1.14. 



200 GeV (upper 
1400 GeV, m 2 = 



varying function of H 2 , so that this approximation does not need to be very accu- 
rate. Neglecting in the potential V 3 , eq. ([!]), the contributions of the gauge terms and 
the Higgs mass term mj, and writing the potential as a function of B3, eq.(||), we find 
V3 ~ — B% / (16Y^ f 2 ) . This simple expression shows that a rough estimate of the VEV 
< if 2 > is given by the minimal value taken by B3, eq.(Bf): 



< H 2 > r 



At <f> 
Y t (1+ <f>'< 



(30) 



In fact, the exact VEV < i^2 > is numerically typically found to be lower than this 
approximate value, but the latter already contains useful enough information for our 
purpose. Taking this value and solving < / >= /(< H 2 >), we obtain in turn the 
excellent approximation to < / > 



(o) 



\ 



A\ + 2m 



t L 



tR 



A} + 2m? - m? 



(31) 



This approximate value is equal to 1 (alignment in the SU(3) C D-flat direction) for 
m| = m| . This correctly reproduces the expected behaviour for < / >: when the mass 
relation m~^ = m~^ holds, the potential V3, eq.(|ID, has an underlying approximate sym- 
metry II <-> tji broken by tiny 0{g\,g§) contributions, so that any non-trivial extremum 
must be nearly aligned in the SU(3) C D-flat direction. In the large A t regime, we have 
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also — > 1, reproducing again the expected behaviour for < / >. Quite similarly to the 
small Yukawa coupling regime, in this limit, the VEVs of the CCB vacuum become very 
large. The vacuum then moves towards the SU(3) C x SU(2)l x U(1)y D-flat direction, 
any splitting between the soft squark masses becoming inessential. 

In Figure 1, we illustrate the evolution of the exact VEV < f > and the approximation 
fi°\ eq. (PT|) , as a function of the ratio of the soft squark masses = {rnt L / m t R ) k f° r two 
cases k = ±1. The exact VEV < f > has been computed with the recursive algorithm 
presented above [see also sec. 5 for a practical summary], taking for initial value = f!f\ 
eq.fl3"T|). In both cases, we have taken A t = 1400 GeV. This implies in particular that 
the expression f!f \ eq.flBTD, is defined up to ~ 7.14. However, this approximation is 
appropriate only if a CCB vacuum exists. The sufficient bound given by eq.(|) already 
shows that a CCB vacuum can develop only for < 6. Once optimized, the sufficient 
bound to avoid CCB restricts even more the allowed range to r k < 5.3 [see e.g. eq.([36|) 
in sec. 3. 3]. In Fig.l, the evolution of the VEV is stopped at the boundary value r k ~ 5, 
because the CCB vacuum becomes dangerous and deeper than the EW vacuum only be- 
low this value. 

The first prominent feature of this illustration is that is an excellent approximation: 
/ 3 (0) fits < / > with a precision of order 5%, or even better in the vicinity of ~ 1. 
Moreover, we note that for a large splitting of the soft squark masses, the deviation of the 
CCB global minimum from the SU(3) C D-flat direction can be quite large, in particular 
in the vicinity of the critical bound v4£ 3 , i.e. for r k ~ 5. It is smaller for r k ~ 1, where 
the CCB vacuum is nearly aligned in the SU (3) c D-flat direction. 

Finally, we may derive refined bounds on the deviation of the CCB vacuum from the 
SU(3) C D-flat direction by combining the sufficient bound A[ \ eq. ([)]), with the accurate 
approximation f!f \ eq. (|31~D . Requiring A t > A^ ~ Tn^ (1 + ri), we obtain: 



For „ 3 =k>i, i<</>~yf s Jsf!^ (32) 

m- tR y 2ri + 3 

For ri < 1 these inequalities are reversed. 



In an mSUGRA scenario 0, 19], we fall typically in the regime r\ > 1, with furthermore 
ri perturbatively close to 1. Eq.(|32]) then implies 1 << / > < 1 + |(ri — 1), showing that 
the CCB vacuum is indeed located in the vicinity of the SU(3) C D-flat direction. Such 
a feature was built-in through the procedure proposed to evaluate the CCB conditions 
in ref.0, quite consistently with the mSUGRA numerical illustration presented in this 
article. However, it is important to stress that this assumption is model-dependent, and 
may be badly violated in other circumstances near the critical value A^, in particular 
in scenarii incorporating non-universalities of the soft squark masses where the splitting 
parameter r\ can be rather large ||]. 

3.3 The optimal sufficient bound on A t to avoid CCB 

We consider now more attentively the extremal equation associated with H2, eq.(|T4|). 
This complementary equation will in fact enable us to improve the sufficient bound A[ \ 
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eq.(||), to avoid a dangerous CCB vacuum in the plane (H 2 , II, tn). From a geometrical 
point of view, it is reasonable to define the optimal sufficient CCB bound on A t to be the 
largest value below which a local CCB minimum, not necessarily global, cannot develop. 
Equivalently, this bound, denoted A s t u ^ in the following, is also the critical value above 
which a local CCB vacuum begins to develop in the plane (H 2 ,tL,tn). 
The determination of the optimal sufficient bound A s t u ^ simply requires some additional 
pieces of information on the extremal equation associated with H 2 , eq.([TJp, and on the 
geometry of potential V3, eq. ([!]). In order not to surcharge the text, we will not enter 
here in the details of this derivation, but rather refer the reader to the Appendix A. To 
summarize, on the technical side, the essential result we obtain is that if the extremal 
equation, eq . (|14|) , considered as a cubic polynomial in H 2 , has only one real root in H 2 for 
any given value of /, then necessarily no local CCB minimum in the plane (H 2 , £l, tji) can 
develop. More intuitively, this result merely reflects the fact that if a local CCB vacuum 
develops with non trivial VEVs (< H 2 >, < / >), then on any path connecting the local 
extremum at the origin of the fields to this CCB vacuum, there will be necessarily a 
saddle on the top of the barrier separating them, with £r, ti 7^ 0. For / =< / >, such a 
point will in turn necessarily correspond to a second real solution in H 2 for the extremal 
equation, eq. (|T4]) , in contradiction with the initial assumption. 

Considering the extremal equation eq.(|T4]) as a cubic polynomial in H 2 , a necessary and 
sufficient condition to have only one real root is 

C 3 = [2(31 ~ 9«3/5s73 + 27c^ 3 ]2 + 4 [_ / g| + 3^3 > q (33) 

The next step to evaluate the optimal sufficient bound A s t u ^ is to consider this complicated 
inequality in the direction of a possible CCB minimum / = </>. Taking instead the 
approximate value / ~ given by eq.([H]), and taking also values for all the parameters 
except the trilinear soft term A t , the equation C 3 = may be solved numerically as a 
function of A t 0. Let us denote the largest solution of this equation. For A t < A^\ we 
find numerically that we always have C3 > 0, showing that there can be no CCB vacuum in 
this case. Moreover, numerical investigation also shows that A^ has typically the desired 
property of being larger than Af\ eq.(|9|), and, therefore, improves this bound. There is 
only one exception to this statement, which occurs for m\ < and m~ tL ^mi R ~ m t . As 
will be explained in the next section sec. 3. 4, this regime actually corresponds to a rather 
particular situation where no dangerous CCB vacuum deeper that the EW vacuum may 
develop, unless the EW vacuum is unstable. 

Taking into account this observation, numerical investigation finally shows that for A t > 
Max[Af\A ( t \ a local CCB vacuum begins to develop in the plane (H 2 ,tL,tR). Hence, 
this critical value fulfills the properties required to be identified with the optimal sufficient 
bound A s t u ^ . In conclusion, we may write without loss of generality: 

A t < A s t uf = Max[Af\ <S> No local CCB vacuum (34) 

where A^ is given by eq. (P) and A^ is obtained by solving C3 = 0, eq. (|3~3D , as mentioned 
above. It is important to stress here that this optimal sufficient bound, obtained with 

2 Comparing with a more accurate value for < / >, we found that the maximal discrepancy between 
the results obtained is negligible, less than 1 GeV. 



14 



exact analytical expressions, incorporates all possible deviations of the CCB local vacuum 
from the D-flat directions, including the SU(3) C D-flat one. 

As At increases above A^ , the CCB local vacuum soon becomes global and deeper than 
the EW vacuum. Obviously, the critical bound A£ 3 , eq. (EZ7p , is necessarily larger than 

AU > AT f (35) 

Moreover, we expect that the critical bound Al 3 should be perturbatively close to the 
optimal sufficient bound A s t u ^ , i.e. A c tz > A s t u ^ , because the EW potential is not very 
deep, < V > \ew ~ ~ m z/(.9i + oi)- Indeed, as will be illustrated in sec. 5, the critical 
bound A\ 3 is typically located in a range of 5% or less above A^ . This interesting feature 
will considerably simplify the exact determination of v4£ 3 , which will be simply obtained 
by scanning a small interval in A t above A s t u . We note finally that in the interesting 
phenomenological regime m^ L , m 4 ~ B > 300 GeV , a simple empirical approximation of A s t u ^ 
may be obtained numerically. We find on one hand A s t u ^ = A[ , with furthermore: 

A s t uf = A® ~ AT = m h + m iR + |m 2 | (36) 

This approximation exhibits in which amount the sufficient bound A^ is improved in 
this regime. The difference is of order \m 2 \: — ~ |rrz-2 1 . 



Let us come back briefly now to the implementation of the procedure to compute 
the CCB VEVs. We have shown that for A t < A s t uf , eq.@§, no local CCB vacuum 
may develop in the plane (H2, t^, tn). As noted before, in the dangerous complementary 
regime, A t > A s t u ^, we need to evaluate the VEVs of the CCB local vacuum in order to 
compare the depth of the CCB potential and the EW potential and find the necessary and 
sufficient bound v4£ 3 , eq. Q27D , to avoid CCB. For / = ff \ eq. (]3"T|) , the extremal equation 
associated with H 2 , eq.flTSD, has three real roots, which also prove to be positive [see 
Appendix A]. The intermediate root, denoted in sec. 3.1, proves to be an excellent 
approximation of the VEV < H 2 > [at a level of < 1 %] []. The analytic expression of 
is complicated and not particularly telling, therefore we refrain from giving it here. This 
shows that, to an excellent approximation, we can obtain explicit analytic expressions 
for all the CCB VEVs: (< H 2 >,< / >) are approximated by (^ 0) ,/ 3 (0) ), where / 3 {0) 
enables us to take into account the deviation of the CCB vacuum from the SU(3) C D-flat 
direction, and the squark VEVs < t L / R > are subsequently obtained by eqs.(f|||). This 
way, we can obtain in turn an accurate analytical expression for the CCB potential V3, 
eq. ([!]), at the CCB vacuum. Comparison with the EW potential < V > \ew, eq . (|26|) , 
ultimately provides an excellent approximation of the critical CCB bound Aj 3 , eq . (|27|) . 
The accuracy of this approximation can be improved at will by iterating the procedure 
to compute the CCB VEVs, as depicted in sec. 3.1. We note however that the impact on 
A c t 3 is negligible, -0(1 GeV). 

3 For completeness, we note that typically the lowest solution will correspond to a directional CCB 
saddle-point, whereas the largest is spurious, giving < > 2 < 
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3.4 The instability condition of the EW potential 

Besides the contribution of the trilinear soft term A t , another negative contribution in 
the potential V3, eq. ([!]), appears at the EW scale when the Higgs parameter m\ becomes 
negative. At the tree-level, the sign of m\ is related in a simple way to tan j3 by the ex- 
tremal equation eq. (|24D in the EW direction: for tan (3 > v/T + 2m 2 AQ / m| , m\ is negative, 
whereas it is positive in the complementary low tan/3 regime. Numerical investigation 
shows that we have only two distinct patterns for the number of local extrema of V3, 
eq. ([1]). They are distinguished by the sign of m\ and, consequently, the magnitude of 
tan/3. 

• m\ > : 

The potential V3, eq.(|I|), has one trivial local minimum, namely the origin of the fields, 
and possibly a pair of non-trivial local extrema with < Il,r >t^ 0: the would-be global 
CCB vacuum and a CCB saddle-point sitting on top of the barrier separating it from the 
origin of the fields. In this case, the optimal sufficient bound A™, eq. (51) , always proves 
to be equal to A^'. Besides, for soft squark masses large enough, i.e. m^ L ,mi R > |m 2 |, 
the traditional CCB bound in the D-flat direction Af 3 , eq.(^), typically provides an upper 
bound for the critical bound A^ 3 , eq. (p?D , so that we may write: 

A? f = A? < Al, < A° 3 (37) 

We note however that this upper bound is not very indicative of the critical value A c t 3 for 
large values of the soft masses, mi L) mi R ^> \m 2 \, as will be illustrated in sec. 5. Actually, 
in this regime, the relation eq.(||) which is the signature of an alignment in the D-flat 
direction is badly violated, implying a large deviation of the CCB vacuum from the D-flat 
direction. 

• ml < : 

Besides the origin of the fields and possibly a pair of CCB extrema (a local minimum 
and a saddle-point), the potential V3, eq.(p, has another non-trivial extremum with VEVs 

< H * > ew= - 4m !/(#i 2 + 9%), < t R ,L >eW= °> g ivin g < V 3 >eW= -^i/idf + sfi)- The 
origin of the fields is now unstable and the potential automatically bends down in the 
direction of this non-CCB extremum. We note also that, for large tan/?, the EW vacuum 
tends towards it as the inverse power of tan/?: ( Vl = {UAGeV)/ y/l + tan 2 (3, v 2 ) -»■ (0, 

< H 2 >"evf)- [Accordingly, the negativity of ml appears as a mark in the plane (H 2 , tL,t R ) 
of the well-known instability condition at the origin of the fields m\m\ — m\ < 0, which 
is the signal of an EW symmetry breaking jy]. 

Obviously, if this additional extremum is a saddle-point of the potential V3, eq. (|Tj) , then a 
deeper CCB minimum is necessarily present in the plane (H 2 ,tL,tR). The squared mass 
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matrix evaluated at the non-CCB extremum reads 



\EW 



m\ + Y t 2 Hl(l - 



-A t Y t H 2 



-A t Y t H 2 



ml + Y 2 H 2 (1-^ 



ts 



2 
1 

3Y? 



\ 



) I 



(38) 



with H 2 =< H 2 >ew- 

Stability of the non-CCB vacuum is equivalent to the positivity of all the squared mass 
eigenvalues of M. 2 \-^-, eq. (|38|) . It is not automatic and needs 

A t < Al nst (39) 

where 

{At } - m ^ [1 3Y 2)+m ^ {1 12Y 2 } Am 2 Y 2 (4 ° } 
_ Jtm|_ 2 _ (3g 2 -g 2 ) _ g 2 
g 2 + g 2 t{ 12Y 2 )[ 3Y 2 * 

Let us remark that, for tan/3 — > +oo, the lower 2x2 matrix of M 2 \eW^ eq • (|38|) , is 
simply equal to the tree-level physical squared stop mass matrix |IJ, so that the instability 
condition, eq . (|39|) , is a mere rephrasing of the physical requirement of avoiding a tachyonic 
lightest stop, expressed as a function of A t . This statement is also valid to a good accuracy 
when the stop mixing parameter A t = A t + fi/ tan/3 is well approximated by the trilinear 
soft term A t , i.e. for |/i| \A t \ tan/3. 

To simplify the discussion, in the following we will essentially identify this non-CCB 
extremum with the EW vacuum, implying in particular that the potential at both vacua 
are equal, i.e. < V > \ew ~< V3 >eW- This assumption, accurate for tan/3 large enough, 
enables us to write the following relation on the CCB bounds 

A s t uf < A c t 3 < Al nst (41) 

The first relation was actually obtained in the last section, see eq. fl3"o]) , whereas the second 
means that if the non-CCB extremum is unstable, then a dangerous CCB vacuum, deeper 
than the EW vacuum^, has developed in the plane (H 2 ,tL,tji). 

For 777J < 0, the relation (|4lD provides the most general upper and lower bounds on the 
critical CCB bound A^ 3 , eq . (|27|) . We note however that in the interesting regime of large 
squark soft masses, i.e. mj L , m- tR > m t , the upper bound given by A l t nst is typically largely 
improved by the traditional bound in the D-flat direction Af 3 , eq.(||). However, quite sim- 
ilarly to the case m\ > 0, the latter bound Af 3 is itself typically very large compared to 

4 The relation A£ 3 < A\ nst is still accurate if we relax our simplifying assumption < V > \ew ~ 
< V3 >£ffy, because the potential V3 deepens rapidly with increasing At. 
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the critical CCB bound A£ 3 , due to a large deviation of the CCB vacuum from the D-flat 
directions. A better indication of the critical CCB bound A^ 3 , eq.(^Tj), is always given by 



the optimal sufficient bound A s t u ^ , eq.(|34]). 



Finally, let us consider more attentively the behaviour of the potential in the limit 
A t — > A l t nst . This will enlighten the importance of taking into account any deviation of 
the CCB vacuum from the SU (3) c D-flat direction in order to obtain a consistent critical 
CCB bound A£ 3 , eq.(^7]), which encompasses the possibility of avoiding a tachyonic stop 
mass. Two interesting different modes with particular geometrical features of the potential 
can be considered: 

i) The CCB vacuum is located away from the non-CCB extremum. This possibility in 
fact corresponds either to the case mi L mi R <C m\ or mi L mi R 3> mf, where m t is the 
top quark mass. In the first case, the CCB vacuum proves to be closer to the origin of 
the fields than the non-CCB extremum, whereas in the latter this hierarchy is reversed. 
In both cases, the optimal sufficient bound A s t u ^ eq. (|34]) , is always given by A[ 1] . In 
the limit A t —>■ A l t nst , the CCB saddle-point located on top of the barrier separating the 
CCB vacuum and the non-CCB extremum tends towards the non-CCB extremum and 
the barrier separating both vacua eventually disappears. 

ii) The CCB vacuum interferes with the non-CCB vacuum. For A t — > A l t nst , this mode 
corresponds to a degenerate situation where the CCB local vacuum and the CCB saddle- 
point overlap and tend towards the non-CCB vacuum. This possibility appears clearly 
by compj 
We have 

{At*? - {AT? = [m iL m iR - (1 - ^#)(1 - S? )Yt2Hi]2 Wm ~ ° (42) 



by comparing the instability bound Af 18 *, eq . (|39|) , with the sufficient bound Af \ eq 



with H 2 =< H 2 >~ew- Combining the last equation with eq. (|41|) , we obtain: 

m h m iR = [1 - (3 f 2 ~f D ][l - |y ml # A< t , = Af st = A s t uf [= A?\ (43) 

where the EW and the non-CCB vacua have been identified to write m t = Y t < H 2 >ew- 
The equalities on the right hand side of the equivalence eq. ([43"l) signal that for this partic- 
ular values of the soft squark masses, we are at the center of a critical regime where the 
CCB vacuum interferes with EW vacuum. This critical regime actually extends to a small 
range in , mx around this center, and is more generally characterized by the relation 
jurist _ mean ing that no dangerous CCB vacuum, deeper than the EW vacuum, 
may develop unless the EW vacuum is unstable. In this region, there is also typically no 
room for a CCB vacuum to develop, not even a local one. This occurs already, e.g., at the 
center of the critical regime, where we have A l t nst = A s t u ^ = [A^]. As will be illustrated 
in sec. 5 [see Fig.4], this critical regime includes a small domain around this center where 
the typical hierarchy A^ > A^ is slightly violated, giving A s t u ^ = A[ \ and which is 
itself bordered by a domain where this hierarchy is respected, giving A s t u ^ = A^. 
We come now more precisely to the relation between the critical CCB bound A c t 3 , eq. (|27|) , 
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and the requirement of avoiding a tachyonic lightest stop. Obviously, this relation is cru- 
cial in the interference regime m^mj ~ m 2 , corresponding to the case ii), where we 
have A l t nst = A^. With the help of the extremal equations, it is a straightforward 
exercise to show that for A t — > AJ ns '[= A£ 3 ], the VEVs of the CCB extremum verify 
(< H 2 >,< t LjR >) — > (< H 2 >eWi 0)' wr th furthermore: 



l2(m 2 R + Y 2 <H 2 > 2 —)-Ag 2 <H 2 > 2 — [ } 

This particular direction is, in fact, connected to the direction of the lightest stop eigen- 
state. Let us denote (£1,^2) the stop-like eigenstates of the 2x2 lower matrix in Ai 2 \-^r, 
eq.(|5BD, and 9 the mixing angle of the rotation matrix 1Z relating these eigenstates to the 
VEVs (< t L >, < t R >): 

ti \ ( <t L > \ ( cosO sinO \ 

= K\ with K = _ _ (45) 

t 2 J \ <t R > I \ -sinO cosO J 



<f> 



\ 



As noted before, if we assume that tan/3 is large enough and |A 4 |tan/?, we may 

safely identify this matrix with the physical squared stop matrix, and (ti,t 2 ,9) with the 
stop eigenstates and mixing angle (ti,t 2 ,9) [[]J. 

By definition, for A t —>■ A l t nst , the matrix Ai 2 \-^, eq.(^), has one zero eigenvalue and the 
wall separating the CCB extremum and the non-CCB extremum lowers and eventually 
disappears in the direction of the corresponding eigenstate t\. In the basis (t L ,i R ), the 
components of this eigenstate read t% = (if = cose, tf = sine) and prove to verify 

t R 

tane=^=<f> (46) 
h 



where < / > is given by the limiting value in eq. (f44"|) . This shows on one hand that, in 
this critical regime, the stop mixing angle 6 is related in a simple way to the deviation 
of the CCB vacuum from the 5^7 (3) c D-flat direction and, on the other, that taking into 
account such a deviation of the CCB vacuum to evaluate the critical CCB bound A^ 3 , 
eq.pTI), is crucial to avoid a tachyonic lightest stop. 



4 Radiative corrections 

In this section, we discuss the renormalization scale at which the tree-level necessary and 
sufficient condition to avoid CCB, A t < A£ 3 , eq. (P7|) , should be evaluated in order to 
incorporate leading one-loop corrections. As is well-known, on a general ground, the com- 
plete, all order effective potential V(<f>) is a renormalization group invariant. However, 
this property is not shared by the tree-level approximation which typically depends 
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strongly on the renormalization scale Q at which it is computed || |15j. A kind of renor- 
malization group- improved version of the tree-level potential which would incorporate a 
resummation of all leading logarithmic contributions would certainly be more reliable. 
However, one faces here the tricky problem of dealing with many mass scales []. A better 
approximation to V(4>), more stable with respect to the scale Q, is in fact given by the 
one-level effective potential (MS scheme) || [T5| 

i 

where M?(<fi) denotes the tree-level squared mass of the eigenstate labeled i, of spin Sj, in 
the scalar field direction <p. The scale Q enters explicitly in the one-loop correction, but 
also implicitly in the running of the mass and coupling parameters. 
Obviously, in the field direction (H2, £l, studied in this paper, such a one-loop cor- 
rection will introduce very complicated field contributions which will modify the simple 
tree-level geometrical picture presented here. However, we may still have "locally" a good 
indication of the impact of these radiative corrections with the help of our tree-level inves- 
tigation. As is also well-known, around some scale Qq which depends on the field direction 
considered, the predictions obtained with the tree-level potential and the one-loop 
level potential approximately coincide || |15 . This numerical observation was in 



fact intensively used, in particular in the context of CCB studies 0, [7|, ||, |9|, [T(J , precisely 
in order to use the relative simplicity of the tree-level potential. This field-dependent 
scale Qq is typically of the order of the most significant mass present in the field region 
investigated. This roughly means that we reduce the multi-scale problem to a one-scale 
one, the "most significant mass" meaning a kind of average of the field-dependent masses 
which provide the leading one- loop contributions in the direction of interest [0, |TjJ. 
At the EW vacuum, it has been shown that the appropriate renormalization scale Qsusy 
where the one-loop corrections to the tree-level potential V\ew, eq.(^3f), can be safely 
neglected is an average of the typical SUSY masses f| [L5|]. For instance, for large 
Msusy ~ mi L ~ mi R 3> m t , the tree-level potential receives important radiative cor- 
rections coming from loops of top and stop fields. In this case, Qsusy is expected to 
be an average of the top and stop masses, giving Qsusy ~ Msusy, whereas for low 
Msusy ^ mt, this scale is somewhat underestimated and should be raised to a more 
typical SUSY mass || [15|]. In this light, we see that we may trust the results obtained 
with the tree-level potential V\ew, eq. (|2~3l) , in particular the EW VEVs (t>i,t>2) given by 
eqs.(|24|, |25|) and the depth of the EW potential < V > \eWi eq. (^^), provided all param- 
eters entering this potential are evaluated at the appropriate scale Q ~ Qsusy- 
What is now the appropriate scale Qccb where the results obtained with the tree- level 
potential V3, eq.(0), incorporate leading one-loop corrections? At the CCB vacuum, such 
corrections are expected to be induced by loops involving masses in the scalar field di- 
rection (H2,tL,tn), in particular for mi L ~ m l R ^ m t f° r which these contributions 
are enhanced. Accordingly, we estimate Qccb to be an average of these masses, more 



3 Some attempts have be made in this direction, see |2C 
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precisely Qccb ~ \ <T'M 2 >\ C cb ^ w h ere: 



<™», OT -I<g + ^ + f >, CCB 

= ml+ml + Y t ^ + P L (f + l)]+A t Y t f^- 

+|[9tf 2 2 + (44/ 2 - 1)P L ] + |(tf 2 + 3t|) + M^(i + /2 ) (4 9) 

All fields should be evaluated at the CCB vacuum. To derive the last expression, we have 
used the extremal equation dV^/dH 2 = to replace the Higgs mass parameter m 2 . The 
VEV <ti> may also be replaced with the help of the extremal equation eq.(||-|]), giving 
a complicated expression for Qccb which depends only on the soft terms A t , mi , 
the gauge and Yukawa couplings and the CCB VEVs < H 2 >,< f >. For simplicity, let 
us take M S usy = m i L — m t R , which gives < / >= 1. Taking furthermore Y t ,g 3 ~ 1, 
neglecting other gauge couplings and (over-)estimating the VEV < H 2 >~ At/2 [see 
eq.(|3Cf)], we find 

2 llA^OM 2 ^ 
Qccb ~ ^ ( 50 ) 

This scale is meaningful only when a CCB vacuum develops, that is for A t > A s t u ^ [see 
eq.(|34])1. For illustration, we estimate roughly this lower bound with Af\ eq.@. Taking 



A t ~ 2 Msusy, we obtain Qccb ~ 1-33 Msusy- Let us stress here that a refined 
evaluation of Qccb, with realistic values for the gauge couplings, the CCB VEV < H 2 > 
and the optimal sufficient bound A s t u ^ , would give in fact a value for Qccb closer to 
Msusy- This simple illustration however already provides a clear indication that Qccb 
is typically of order M S usy- 

For Msusy ^> tth and A t > A s t u ^ , we conclude therefore that we have Qccb ~ Qsusy- 
Obviously, a similar conclusion is expected in the complementary regime Msusy ^ "mt- 
in this case, the CCB and the EW vacua prove to be close, implying a mass spectrum 
of the same order at each vacuum. We note also that this estimation of Qccb is in full 
agreement with the one obtained in ref.|J in the extended plane (Hi, H 2 , £l, In this 
article, the scale Qccb was estimated to be ~ Max[QsusY, gzAt/AYt, At/4], which reduces 
for Y t ,g 3 ~ 1 and A t > A s t uf > 2M SU sy to Qccb ~ Qsusy- 

Two important conclusions can be deducted from this result. On one hand, we see that the 
optimal sufficient bound A s t u ^ , eq.(|34|), should be evaluated at Qccb ~ Qsusy, in order 
to minimize the one-loop radiative corrections to the tree-level potential V3, eq. ([!]). More 
importantly, we see that, at this common scale Qccb ~ Qsusy, it is also meaningful 
to compare the tree- level depth of the potential at the EW vacuum, i.e. < V > \ew, 
eg. (]26|) , and at the CCB vacuum, in order to determine the necessary and sufficient 
condition A t < A£ 3 , eq. (j2~7|) , to avoid CCB in the plane (H 2 ,t L ,t R ). This point is a mere 
consequence of the fact that the potential at a realistic EW vacuum is not very deep, 
as already noted in sec. 3. 3 [see eq.(^)], therefore giving A£ 3 > A s t u ^ . To summarize, we 
expect our tree-level refined CCB bounds to be robust under inclusion of leading one-loop 
corrections to the potential, provided they are evaluated at Q ~ Qsusy- Accordingly, 
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stability of the EW vacuum in the plane (if 2, £l, £r) should be tested in model-dependent 
scenarii || [|, [| at this scale. 

5 Practical guide to evaluate the CCB conditions 

Let us now collect and summarize the main results we have found. As mentioned in 
sec. 2. 3, the evaluation of the critical bound A^ 3 , eg. (p7|) , above which there is CCB in the 
plane (H2,t L ,tfi) requires the precise determination of the CCB VEVs and comparison 
of the potential V3, eq.(|l]), at the CCB vacuum with the value of the potential at the EW 
vacuum < V > \ew, eq . fl26|) . This comparison is meaningful and incorporates leading 
one-loop corrections, provided all parameters are evaluated at the appropriate renormal- 
ization scale Q ~ Qsusy, where Qsusy is an average of the typical SUSY masses at a 
realistic EW vacuum. This assumption will be implicitly made in the following. Accord- 
ingly the main practical steps to evaluate A£ 3 are: 

• Evaluation of the depth of the EW potential: take a realistic set of values for 
5'i)fi , 2 ) fi , 3 consistent with experimental data; choose in addition values for tan (3 and the 
pseudo-scalar mass m 2 AQ = m\ + m\. The top mass rrit = Y t v sin/3, with v = 174 GeV, 
determines the value of the top Yukawa coupling Y t . Finally, the extremal equations in 
the EW direction eqs. ( pi"||?o] ) determine the Higgs mass parameters mi,m 2 ,m 3 and the 
depth of the potential at the EW vacuum < V > \ew, eq.(f25|). 



• Evaluation of the CCB optimal sufficient bound: choose a set of values for 
the soft mass parameters mi L , mi R and evaluate the optimal sufficient bound At = 
eq.(|j). This requires the comparison of the quantities A\ given by 
eq.fl^), and Af' given by the largest solution in A t of the equation C 3 = 0, eq.(^3]). To 



evaluate A\ , the parameter / of the departure of the CCB vacuum from the SU(3)c 
D-flat direction should be taken at the excellent approximated value /J , eq.(|3~l~D [see 
sec. 3. 2]. The value obtained A s t u ^ is the optimal sufficient bound to avoid CCB. This 
means that for A t = A s t uf a CCB local vacuum, not necessarily global, begins to develop 
in the plane (H 2 ,tL,tR), and soon becomes global as A t increases. This bound therefore 
considerably simplifies the determination of the necessary and sufficient bound A^ 3 to 
avoid CCB in this plane. 

For 1 < tan/3 < a/1 + 2m^ / m| , or equivalently m\ > 0, we always have A s t u ^ = At 
[see sec. 3. 4]. In the complementary regime, we have m\ < 0, and an additional non-CCB 
vacuum develops in the plane (H 2 ,tL,tR). For large enough tan/?, it essentially coincides 
with the EW vacuum which is located in the vicinity of this plane [see sec. 3. 4]. As a re- 
sult, a new computable instability bound A l t nst , eqs. (|39|^0|) , appears. This bound merely 



reflects the physical requirement of avoiding a non-tachyonic lightest stop, for large tan (5. 
Besides, an inversion of the typical hierarchy between the sufficient bounds A^ < A^ 
may occur, implying A s t u ^ = A[ \ This inversion however takes place only in the critical 
region mi mi ~ m t where the CCB vacuum interferes with the non-CCB vacuum afore- 
mentioned. In this interference regime, the instability bound Al nst is quite restrictive and 



22 



the relation A s t u < A c tz < Al nst } eq.(^TJ), is saturated on both sides, meaning that no 
dangerous CCB vacuum may develop unless the EW vacuum is unstable. 
Whatever the value of tan/3 is, for large enough soft masses mj , mi > 300 GeV, a good 
approximation to the bound A s t u ^ is given by Af P , eq.fl36|) [see sec. 3. 3]. 



Let us remark that the parameters involved in these first two steps, basically (m^o, tan /3, 
are typical of phenomenological model-independent Higgs studies, the bench- 
being often considered [JT3], [TJ|. Once such a set 



m h^i R , 



m 



m 



mark scenario Msusy 

of values is chosen, CCB considerations induce an additional constraint on the allowed 
values for the trilinear soft term A t . 



• Evaluation of the CCB critical bound A£ 3 : the determination of the CCB VEVs 
and comparison of the depth of the CCB potential V3, eq.(|l|), and < V > \ew, eq. (p6j ), is 
needed [see sec. 2. 3]. This step requires a numerical scan of the region A t > A s t uf , which 
is not time consuming, because typically the critical bound A% 3 proves to be just slightly 
above the optimal sufficient bound A s t u ^ previously determined. The computation of the 
CCB VEVs may be achieved with the help of the algorithm presented in sec. 3.1. The 
main steps are the following: 

- Solve the extremal equation eq.(Il) in H 2 with the initial input / = given by 
eq. (|3T|) . For A t > At , this cubic equation in H 2 has necessarily three real positive roots 
[see sec. 3. 3]. The intermediate solution, denoted H 2 °\ which can be given an explicit 
analytical expression, always proves to be very close to the CCB VEV < H 2 > (the dis- 
crepancy is less than 1%). 

- Solve the extremal equation eq.(^) in / with H 2 = H 2 ■ This equation has only one 
consistent (i.e. real and positive, see sec. 2. 2) solution /W, which is even closer to the 
CCB VEV < / > than / 3 (0) . 

-The algorithm may be iterated in the same way without ambiguity. The set of values 
(H 2 , f^) n >o proves to converge very fast towards (< H 2 >, < / >). 
Once the CCB VEVs < H 2 >, < / > are computed , < ti > is obtained by eq.(||) and 
we have < tp> >=< f >< >, which completes the determination of the location of 
the CCB vacuum. The final step is the comparison of the potential V3, eq.([TJ), at this 
dangerous vacuum with < V > \ew- A scan f° r A > then provides the critical 
bound A\ z . 

For completeness, we have summarized the full algorithm to compute the critical bound 
At 3 . It is however important to stress that, in practice, this evaluation is considerably 
simpler and more rapid. The values (#2 5/3) obtained with the first iteration of our 
algorithm already provide excellent analytic approximations of (< H 2 >, < f >). Further 
iterations will result in unimportant effects. In particular, the impact on the critical CCB 
bound A\ 3 is extremely tiny, ~ 0(1 GeV). Thus, to an excellent accuracy, explicit analytic 
expressions for all the VEVs of the CCB vacuum and of the potential V3, eq. ([!]), at this 
vacuum can be given, and the determination of the critical CCB bound A^ 3 essentially 
reduces to the comparison of the CCB potential V3, eq. ([!]), at the CCB vacuum with the 
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EW potential < V > \ew, eq.(g§). 

6 Numerical illustration of the CCB bounds 

We turn now to the numerical illustration of the various CCB bounds obtained in the 
plane (#2) £r)j first for low tan/5 [we take tan/3 = 3], and then for large tan/? [we 
consider the limiting case tan/5 = +oo], where the additional negative contribution of 
the Higgs mass parameter m\ induces new features of the potential, as shown in sec. 3. 4. 
In order to incorporate one-loop leading corrections, the CCB bounds are implicitly sup- 
posed to be evaluated at the SUSY scale Q ~ Qsusy- 

• The low tan/3 regime 

In Figures 2-3, the behaviour of the CCB bounds on A t , i.e. the critical bound v4£ 3 , 

eq. (|2"T|) , the optimal sufficient bound A s t u ^ , eq.([]), which is always equal Af in this 
regime, its approximation A ap , eq. fl3T)D , and finally the traditional bound in the D-flat 
direction A® 3 , eq.(|2J), is illustrated as a function of the soft squark masses m^ L , m t - fi . The 
set of values chosen is consistent with a correct tree-level EW symmetry breaking with 
tan/3 = 3, m^o = 520 GeV and a top quark mass m t = 175 GeV. As can be seen, in both 
illustrations, the hierarchy A c t 3 > A s t u ^ = \ eg. (|35|) , is verified, as expected. 
In Figure 2, the various CCB bounds are plotted as a function of the ratio r\ = mi L /mi R , 
taking uif = 200 GeV. Therefore, except for n = 1, the CCB vacuum always deviates 
from the SU(3) C D-flat direction. Comparing the critical bound A c t3 and A\ , we see 

that they follow each other closely for all values of n, with A c t3 ~ 1.04 — 1.10 A^\ the 
lowest values being reached for large r\ and the largest for r\ ~ 0. For 1 < r\ < 5, the 
sufficient bound A^ is approximately linear in r% and the accuracy of the approximation 
A1 P is rather good, better than 5%. Although this linear behaviour breaks down for low 
ri < 1, A ap still provides a good thumbrule to evaluate A^ (within 5 — 8%). Note that 
we can have either A^ > A ap or < A^ p ', showing that A ap is just an approximation 
and should be handled with care. 

For r\ ~ 1, we have A® 3 ~ A^ ~ A c t3 . In this regime, the soft squark masses are 
of the same order, implying that the CCB vacuum is nearly aligned in the SU(3) C D- 
flat direction, as noted in sec. 3. 4. The CCB vacuum is also located in the vicinity 
of the SU{2) L x U{1)y D-flat direction, because the common value of the soft squark 
masses mf £ ~ m t R ~ 200 GeV is not so large compared to the Higgs mass parameter 
m<i = 118 GeV, so that the relation eq.(|3p is approximately verified. For large r\ ~ 5 
and A t ~ A^, the CCB vacuum is located far away from the SU(3) C D-flat direction (as 
well as the SU(2)l x U(1)y D-flat direction). This large departure clearly appears by 
comparing the traditional CCB bound in the D-flat direction, Af 3 ~ 1778 GeV, and the 
critical bound A c t3 ~ 1383.5 GeV . The latter is about 30% below the traditional bound 
Af 3 \ This is a typical feature of this D-flat direction condition: for large soft squark 
masses, it is far from being optimal and not very indicative of the critical bound A1 3 . A 



24 



1800 

[GeV] 

1600 



1400 



1200 
1000 

800 

600 

400 

1 2 3 4 5 

Figure 2: CCB bounds versus r x = mi /mi . We take mi = 200 GeV, mi = 
400 GeV, m 3 = 228 GeV and m 2 , Y t ,gi,g 2 , as in Fig.l . This gives m t = 175 GeV . 

better estimate is given by the optimal sufficient bound or even its approximation 
A?. ' ' ' 

Finally, we note that if we had taken r_i = mi R /mi L and mi = 200 GeV, the curves 
obtained would overlap the ones presented here. This is obviously an exact result for 
Af 3 ,A^ p [see eqs.(|,0)], but it proves also to occur to a very good approximation for 
A {1) 

In Figure 3, the various CCB bounds are now plotted as a function of Msusy = nit L = 
mi R , with the same set of values as in Fig. 2 for the other parameters. The CCB vacuum is 
now automatically aligned in the SU(3) C D-flat direction, but not in the SU(2)i x U(l)y 
D-flat one, except for Msusy = m 2 = US GeV, see eq.(|3]). 

In this illustration, we recover the same qualitative behaviour of the CCB bounds as in 
Fig. 2. Comparing this illustration with the previous one for an equal value of Mg USY = 
{m~ L + m?^)/2, we furthermore observe that the difference \A® 3 — A\ 3 | is smaller in Fig. 3 
than in Fig. 2, precisely because of this alignment in the SU(3) C D-flat direction. In Fig. 2, 
for instance, for Mg USY = (720 GeV) 2 with ri = 5, the critical bound A1 3 is about 22% 
below the traditional bound A^ 3 , whereas for an equal value of Msusy = 720 GeV in 
Fig. 3, which gives the same value for A® 3 , the critical bound A1 3 is now just about 10% 
below A® 3 . This illustrates the fact that any departure of the CCB vacuum from the 
SU(3) C D-flat direction or, equivalently, any splitting between the soft squark masses, 
tends to lower substantially the critical bound A c t3 below which there is no CCB danger. 
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• The large tan/3 regime 

Figure 4 is devoted to the large tan/3 regime. We take M S usy = m t L — m t R i with 



tan/3 = +oo. This benchmark scenario is often considered in Higgs phenomenology |L3 



14| and this illustration is presented to set the stage for the next section where the impact 
of the CCB conditions on the stop mass spectrum and on the one-loop upper bound on 
the lightest Higgs boson mass, m^, will be considered. As will be shown in a forthcoming 
article |i~If , this extreme tan/3 case also proves to be numerically representative of the 
large tan/3 regime, i.e. tan/3 > 15, with furthermore < Min[mA,o, Msusy]- 
In this benchmark scenario, the CCB vacuum is automatically aligned in the SU(3) C D- 
flat direction. Obviously, any discrepancy between the soft mass terms , vn- tR would 
induce a deviation from this direction and, on the other hand, a numerical modification 
of the CCB bounds illustrated here, but the qualitative behaviour of the CCB bounds 
would remain the same. 

For tan/3 = +oo, the EW vacuum is trapped in the plane (if 2 ,^L,^i?) and the depth of 
the EW potential is determined to be < V >ew= ~ m zo/^i.9i+ 9i) [ see sec. 3. 4]. Figure 4 
illustrates how this geometrical feature of the potential affects the various CCB bounds, 
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Figure 4: CCB bounds versus Msusy = vni = m t R , f° r tan/5 = +oo. The optimal 
sufficient bound is A s t uf = Max[Af\ We take m\ = -m% /2 [see eq.(|24|)] and 

m t = 175 GeV which implies Y t — 1. 

including the sufficient bound A[ \ eq.@, and the instability bound A l t nst , eqs.( |39| , ^0|) . 
For all M S usy, the hierarchy A s t u ^ = Max[Af\ A^} < A c t3 < A l t nst is respected, even 
in the critical region Msusy ~ rrit- This hierarchy merely reflects the fact that, on one 
hand, no CCB vacuum may develop for A t < A* , implying A c t 3 > . On the other, 
if At > A\ nst , the EW vacuum would be automatically unstable and would bend down in 
the direction of a deeper CCB vacuum, which implies necessarily A™ st > A1 3 ,A s t u . 
For all Msusy, the critical bound A c t3 is just above the optimal sufficient bound A s t u ^ . 
For instance, for M SUS y > 210 GeV , we have A* uf < A c t3 < 1.02 A s t uf , with A s t uf = A\ 1] . 
This shows once again how an accurate approximation A s t u ^ can be for the critical CCB 
bound A\ 3 . We note also that Af provides a good estimate of A^ , at least for M S usy > 
300 GeV. 

The traditional bound A® 3 in the D-flat direction exists only for Msusy > 45.56 GeV, and 
above this value it increases fast. Let us remark that for Msusy < 100 GeV, A® 3 is not a 
necessary upper bound on A t to avoid CCB, because for A t e [A® 3 , A^ 3 ], the CCB vacuum 
is not deeper than the EW vacuum and is therefore not dangerous. The traditional bound 
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Af : 3 provides a necessary condition to avoid CCB only for Msusy > 100 GeV , but in this 
case it is far from being sufficient. Typically much larger than the critical CCB bound 
A1 3 , it should also be handled with care. For instance, for M S usy ~ 300 GeV , it allows 
for some values of A t above the instability bound A l t nst , implying a tachyonic lightest stop 
mass! 

For 110 GeV < M SU sy < 210 GeV, the various CCB bounds Af \ AP , A° 3 , Af st cluster. 
The potential enters in the critical regime where the CCB vacuum interfere with the EW 
vacuum. In this regime, the critical CCB bound A c tz coincides with the instability bound 
A™ st , implying that a dangerous CCB vacuum may develop only if the lightest physical 
stop gets tachyonic. Included in this small region of the parameter space, more precisely 
for 140 GeV < M SUSY ^ 192 GeV, the typical hierarchy A^ > Af ] is violated and we 
have therefore A s t u * = a[°\ We note however that the maximal discrepancy between A^ 
and A^P is quite small, less than 5 GeV . 

Finally, we observe that for Msusy ^ 300 GeV , the critical CCB bound A° t 3 is much lower 
than the instability bound A\ nst . This result has an important physical consequence in 
the limiting case tan/? = +oo considered here, for which the stop mixing parameter 
At coincides with the trilinear soft term A t . It implies that the CCB critical bound 
Aj 3 provides stringent restrictions on the mass spectrum of the stop quark fields. This 
important point is addressed in the next section. 



7 The stop CCB maximal mixing 

We investigate in this section some physical implications of the critical CCB bound on 
the stop mass spectrum and the one-loop upper bound on the lightest Higgs boson mass. 
We consider the benchmark scenario Msusy — m \ L — m \ ■> with tan/? = +oo [f[3[ |T4|| . As 
noted in the last section, this extreme tan /3 regime is also quite representative numerically 
of the large tan/3 regime with small \i, i.e. tan/3 > 15 and < Minfm^o, Msusy] [0 



To be optimal, the extension to the low tan/? regime, valid for all values of /i, requires 
an investigation of the extended plane (Hi, H 2 , tu, £r). This case will be presented in a 



separate article [11 



In the benchmark scenario considered here, the stop mixing parameter A t = A t + fi/ tan/3 
equals the trilinear soft term A t and the squared stop mass matrix is given by the lower 
2x2 matrix of Ai 2 \-^y, eq.(|38D, taking H 2 = t>2- Accordingly, the squared masses for the 
stop eigenstates read fl|]: 



= M 2 susy + m? - \m% ? \^m\A\ + ( 8 <t± ^> ™W (51) 

These masses depend only on two free parameters, A t and the unified soft squark mass 
Msusy- However, taking into account the CCB condition, a non-trivial correlation ap- 
pears between these two parameters. To avoid CCB in the plane (H2,Il,Ir), it is nec- 
essary and sufficient that A t < A^, eq.(p7|), where the dependence in M S usy of the 



critical bound A° tz is plotted in Fig.4. In the following, all parameters are supposed to be 
evaluated at the appropriate renormalization scale Q ~ Qsusy-, in order to incorporate 
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Figure 5: Critical CCB parameter r] crit = A c tz j A™ %x versus Msusy for tan/3 = +00. Same 
set of parameters as in Fig. 4. 



one-loop leading corrections to this CCB bound. 

In Figure 5, we compare the critical bound to the so-called Higgs maximal mixing 
j^rnax com monly considered in Higgs phenomenology |T3], III]: 



if™ = A™ ax = \/6m t ~ with mf = M 2 SUSY + m\ (52) 

As is well-known, the lightest Higgs boson mass, m^, receives a large one- loop correction 
arising from top and stop loops, proportional to m\ and which grows logarithmically with 
Msusy- This correction is essential to overcome the tree- level upper bound < m^o 



and is maximized for the Higgs maximal mixing, eq.(p2[) [|l3j , |14 |. We stress however 
that there is no physical reason to exclude a stop mixing larger than this one, provided 
the masses obtained for the lightest stop and CP-even Higgs boson are not ruled out by 
experimental data. 

The prominent fact in Fig. 5 is that r] cr i t = A% 3 /A™ ax is well below unity. We have 
0.35 < r] crit < § ~ 0.89 for M SUS y < 1500 GeV , showing that the CCB critical bound is 



at least 10% below the Higgs maximal mixing, eq.|52|) . Thus, the Higgs maximal mixing 



is always ruled out by CCB considerations! Moreover, it can be shown that this striking 



result holds not only for large tan/3, but is also typically verified for low tan/3 [|Tl 
Actually, the lower tan/3 is and the more CCB conditions will tend to rule out such a 
large stop mixing. 

In the light of this new result, we introduce a new quantity, the "CCB maximal mixing", 
defined to be the largest stop mixing A t allowed by CCB considerations. Obviously, in 
the case considered here, the CCB maximal mixing coincides with the critical value A c tz , 
plotted in Fig. 4. Such a maximal mixing has a clear physical meaning, which implies 
in particular that the lightest Higgs boson mass, m^, cannot reach its maximal value 
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Figure 6: Exclusion domain for the stop masses versus Msusy, for tan/? = +oo. The 
higher curves [above the no mixing curve] provide upper bounds on the mass of the 
heaviest stop t%, and the lower [below the no mixing curve] lower bounds on the mass of 
the lightest stop t\. Same set of parameters as in Fig. 4. 



[at one- loop level, for the Higgs maximal mixing, eq.(|52"Dl, unless the EW vacuum is a 
metastable vacuum. 

In Figure 6, we illustrate the bounds on the stop masses induced by the CCB maximal 
mixing as a function of Msusy, and compare them to the Higgs maximal mixing and 
also to the no mixing (A t = 0) cases. The lower curves correspond to the minimal values 
allowed for the mass of the lightest stop t\ and the upper to the maximal values allowed 
for the mass of the heaviest stop t 2 - 

As expected, the bounds on the stop masses induced by the CCB maximal mixing are 
more restrictive than for the Higgs maximal mixing. All stop mass values compatible 
with a Higgs maximal mixing are always located in the dangerous CCB region. For 
Msusy < 425 GeV, the Higgs maximal mixing is already ruled out, either because it 
gives a tachyonic lightest stop [for Msusy < 400 GeV], or because the lightest stop is 
too light [we take conservatively > 100 GeV] and should have been already found 
experimentally [^TJ. In this region of small Msusy, the CCB maximal mixing enables us 
to avoid such a tachyonic lightest stop mass. For M S usy < HO GeV, the lower bound 
on the lightest stop mass slowly decreases with Msusy and becomes exactly zero for 
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110 GeV < Msusy ~ 210 GeV. In this critical region, the CCB vacuum interferes with 
the EW vacuum and cannot be deeper than the latter, unless the lightest stop mass 
becomes tachyonic. 

For Msusy 310 GeV, even the CCB maximal mixing is excluded by the conservative 
experimental bound > 100 GeV. Therefore, in this region of low Msusy, the EW 
vacuum is necessarily the deepest one and cannot be metastable. This example illustrates 
how experimental limits on the lightest stop combined with a precise determination of 
the CCB condition may secure the EW vacuum in a large part of the parameter space, 
so that metastability considerations become completely irrelevant. In addition , we have 
also in this region the upper bound mi 2 < 490 GeV . 

For Msusy ~ 310 GeV, the bounds on the stop spectrum increase with M S usy- At 
Msusy — 500 GeV , the discrepancies between the CCB maximal mixing and the Higgs 
maximal mixing cases are quite large for the lightest stop, Am^ ~ 75 GeV , and smaller 
but still important for the heaviest stop Am ( - 2 ~ 30 GeV . They tend to decrease slowly 
with Msusy and we have, e.g., Am^ ~ 30 GeV and Ato ( - 2 ~ 20 GeV , for Msusy = 
1500 GeV. 

The linear behaviour of the CCB bounds on the stop masses for large Msusy is a direct 
consequence of the asymptotic behaviour of the critical parameter r] crit < 8/9 ~ 0.89 [see 
Fig. 5]. For Msusy ~ 500 GeV, neglecting the gauge contributions, which are unimportant 
in this regime, we obtain: 



' "'/(/"/ - \l^-m t ) <m h < m t , m< m i 2 < Jm( m t + y^r m *) ( 53 ) 




giving indeed a linear behaviour for large Msusy- Msusy — y iof m t — m l 1 — M S usy and 
Msusy <m h < M SU sy + \fi§m t . 



Finally, we illustrate the impact of the CCB maximal mixing on the CP-even lightest 
Higgs boson mass m^. At one-loop level, this mass has an upper bound reached for 



tan/3 = +oo, m^o 3> m z o, and the Higgs maximal mixing, eq. (|52"D , [13, |14]]. We have 
shown that the CCB condition rules out such a large stop mixing, therefore this upper 
bound on m^ may be lowered f\. For simplicity, we consider this topic in a simplified 
setting, somewhat unrealistic, taking only into account leading one-loop contributions 
coming from top and stops loops. This will already point out the general trend and the 



importance of CCB conditions in this context. In this case, we have |L3|, |14 

3m^ ml A t A 



ni 



h <m 2 z0 + -^[Log^ + ^(l-—^)} , v = 174 GeV (54) 
Anv 2 mi m\ 12m 2 

Up to one-loop level, it is consistent to combine the optimal tree-level CCB condition 



6 We note that the CCB maximal mixing, which coincides with the critical bound A% 3 in this case, 
does not depend on the pseudo-scalar mass m^o. As will be shown in pl[ , this interesting property 
actually extends for all values of tan (3 and /i. 
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Figure 7: Upper bound on the lightest Higgs boson mass versus Msusy, for tan (3 
We suppose ra- ti > 100 GeV. Same set of parameters as in Fig.4. 



+oo. 



At < A\ 3, eq.tpTD, illustrated in Fig.4, with this upper bound. Figure 7 illustrates the 
resulting one- loop CCB bound on as a function of Msusy and compares it with the 
maximal value reached for the Higgs maximal mixing. As a direct consequence of the 
aforementioned conservative experimental limit on the lightest stop > 100 GeV [^1 



three regimes can be considered: i) For < Msusy < "SlQGeV, the lightest stop mass 
experimental bound is more stringent than the CCB maximal mixing. In this regime, we 
have rrih < 131 GeV. The experimental lower bound on puts in turn lower bounds 
on Msusy- For instance, taking nih > 115 GeV, we must have Msusy > 190 GeV. ii) 
For 310 GeV < Msusy ^ 425 GeV, the CCB maximal mixing becomes more restrictive 
than the conservative lightest stop experimental mass bound, while the Higgs maximal 
mixing is still irrelevant, either because the lightest stop mass is tachyonic or too light. 
In this regime, eq. (|54|) combined with the critical CCB condition A£ 3 [see Figs. 4-5] give 
131 GeV <m h < 138 GeV. iii) For M SU sy Z 425 GeV, the CCB and the Higgs max- 
imal mixing are both more restrictive than the experimental bound on the lightest stop 
mass. The CCB upper bound on the lightest Higgs boson mass is lower than the one for 
the Higgs maximal-mixing by about 2.8 GeV for Msusy ~ 425 GeV, which is a rather 
substantial effect. This discrepancy then decreases slowly for larger Msusy- We have, 
e.g., respectively Am h ~ (2.4, 1.5, 1.2) GeV for M SU sy = (500, 750, 1000) GeV. 
A more realistic investigation of the consequences of CCB conditions on clearly re- 
quires that we go beyond the simple approximation given by eq. (|5~4|) . The complete set 
of one-loop contributions should be taken into acount, including in particular those aris- 
ing from bottom and sbottoms loops [which are themselves constrained by strong CCB 
conditions for large tan (3, see Appendix B] [[14] . To leading order, we can however trust 
the discrepancy on the upper bound of the lightest Higgs boson squared mass between 
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the Higgs and the CCB maximal mixing 



. 2 9(-l + rjl Tit ) 2 m 4 t 

Ami = 47r y > ( 55 ) 

Am^ is actually independent of such additional contributions and depends only of M SUS y 
via the critical parameter r\ cr it- 

More importantly, two-loop contributions tend to lower substantially this upper bound 
on the lightest Higgs boson mass, giving typically m h < 130 GeV for m^, M S usy m t, 



with tan/? ^> 1 [14]. Two-loop non-logarithmic contributions are also responsible of a 



slight displacement of the stop mixing value where this upper bound is maximized [|14 



A refined study of the importance of CCB conditions in this context, to be consistent at 
two-loop level, should therefore require a complete one-loop level investigation of CCB 
conditions in the plane (H 2 , ti, £r), in order to take also into account sub-leading effects 
induced by mass discrepancies in the loops. Such a study is clearly beyond the scope of 
this article and will the subject of further investigations. We believe however that this 
simple illustration already clearly indicates the crucial role CCB conditions can play in 
this phenomenological context. 



8 Conclusions and outlook 

In this article, we have presented at the tree-level a complete model-independent study 
of the CCB conditions in the plane (i?2,££, tft)- We have proposed a new procedure to 
evaluate the CCB VEVs, which moreover enables us to obtain excellent analytical ap- 
proximations (at the level of the percent) for the VEVs and, ultimately, for the optimal 
necessary and sufficient conditions on A t to avoid CCB. The new conditions incorporate 
the effect of all possible deviations of the CCB vacuum from the D-flat directions, in 
particular from the SU(3) C D-flat direction previously disregarded || || 0, || [|. We have 
pointed out that the CCB vacuum typically deviates from the SU(3) C D-flat direction 
and that this feature must be included in a consistent study of CCB conditions to en- 
compass the possibility of avoiding a tachyonic lightest stop. This deviation is controlled 
essentially by the discrepancy between the soft squark masses m^m^. Rather small 
in an mSUGRA scenario [where typically ~ m (fl ], it can be very large and make 
substantially more restrictive the critical CCB conditions for mf ^> or mi <C m l R - 
This should constrain even more model-dependent scenarii, in particular those exhibiting 
such large mass discrepancies at the SUSY scale, e.g. some anomaly mediated models Q], 
or, more generally, models incorporating non-universalities for the squark soft masses of 
the third generation at a high energy scale. In order to take into account one-loop leading 
corrections, the tree-level CCB conditions obtained in this article should be evaluated at 
an appropriate scale Q ~ Qsusy, where Qsusy is an average of the SUSY masses. 
In the benchmark scenario Msusy — m i L = m i R an d tan/3 = +oo, we have illustrated at 
this scale Qsusy some physical consequences of the critical CCB condition in the plane 
{H21 ^Li to) ■ A strong bound on the stop mixing parameter A t [= A t in this case] was 
obtained, ruling out by more than 10% the Higgs maximal mixing \A t \ = \[§mi. This 
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led us to introduce a " CCB maximal mixing" for the stop fields. We have exhibited new 
strong limits on the stop mass spectrum, which simply encode the physical requirement 
of avoiding CCB. Finally, we have considered the impact of the CCB maximal mixing on 
the upper bound of the CP-even lightest Higgs boson mass, rrih, at one-loop level, though 
in a simplified and rather unrealistic setting. Taking into account only top and stop con- 
tributions, we have shown that this upper bound can be reduced by up to ~ 3 GeV in 
comparison with the maximal value reached for the Higgs maximal mixing. We believe 
that these illustrations stress the importance of a refined study of CCB conditions, such 
as the one presented here, in the context of Higgs phenomenology. We note however that 
a more realistic investigation of the upper bound on the lightest Higgs boson mass, m^, 
requires that we take into account all one-loop contributions to the Higgs mass, not only 
the leading top and stop ones, but also two-loop contributions. As is well-known, the 
latter can be large and are also responsible of a displacement of the stop mixing which 



maximizes m/, fT3| , [L4J]. A refined analysis of this important phenomenological topic, to 
be consistent at two-loop level, should therefore require a precise one-loop study of CCB 
conditions in the plane (H 2 ,tL,tR), in order to obtain sub-leading contributions that our 
renormalization group improved tree-level CCB conditions cannot grasp. Such a tedious 
sudy will be the subject of future investigations. 

In the benchmark scenario considered in this article, we have also pointed out that combin- 
ing a precise CCB information in the plane (H 2 ,tL,tn) with a conservative experimental 
imput on the lightest stop mass, > 100 GeV, already indicates that the EW vacuum 
is the deepest vacuum and is therefore stable in a large part of the parameter space, 
Msusy < 310 GeV. Similar regions can also be found for any value of tan/? |TT[. Out- 
side these regions, following the philosophy of metastability, the EW vacuum can still be 
considered as safe, even in the presence of a deeper CCB vacuum, provided its lifetime 
exceeds the age of the Universe |9|, [T(J . A numerical study of the tunneling rate into the 
CCB vacuum is required to evaluate the relaxed CCB metastability condition |16[]. The 
present study, which can be straightforwardly completed by giving accurate analytical ex- 
pressions for the CCB saddle-point, provides also some enlightening pieces of information 
on the shape of the potential barrier between the vacua, and therefore give essential tools 
to investigate precisely this feature. 

For completeness, it is important to stress that this investigation of CCB condition in 
the plane (H 2 , t^, t^) is also numerically illustrative of what can be found in the extended 
plane (Hi, H 2 , ti, £r), provided tan/5 > 15 and \fi\ < Min[m 40, Msusy]- in particular, 
the results obtained for the critical CCB bound on A t and the physical implications on 
the stop mixing parameter and the stop mass spectrum are not substantially modified 
compared to the extreme case tan/? = +00 illustrated here. In a forthcoming paper, we 
will present the extension of this study to the plane (Hi, H 2 , t L , t R ), and give optimal 
CCB constraints on (A t ,ji) valid for all values of tan/3 ]TT|. We have also re-analyzed 
in a fully model-independent way the potentially dangerous direction (Hi, H 2 , II, Ir, vl), 
previously considered in M. Additional, though not very restrictive, CCB conditions in- 
volving the sneutrino soft mass uiy L will be given |12| . 

Besides physical implications on the MSSM mass spectrum, the CCB condition on A t , 
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completed with the one on the //-term obtained in the extended plane (Hi, H 2 ,tL, Ir) [ |TT|j , 
should also have further important consequences on the phenomenology of the MSSM 
Higgs bosons [25|. In particular, CCB conditions provide dramatic restrictions on physi- 
cal processes which require, to be competitive, a stop mixing parameter A t as large as the 
Higgs maximal mixing, e.g., for the production of neutral Higgs bosons associated with 



top squarks [p3" |. Further investigations are currently made in this direction in order to 
delineate more precisely the potential discovery of Supersymmetry. 
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Appendix A: The optimal sufficient bound 



In this appendix, we give some details on the derivation of the optimal sufficient bound 
A s t u ^ defined in sec. 3. 3, see eq. fl3"4|) . Let us consider the extremal equation associated with 
H 2 , eq.©: 

E H2 = a 3 Hl + (3 3 H 2 2 + l3 H 2 + 5 3 = ( A. 1 ) 

where the coefficients a 3 , /3 3 , 73, £3 are given in the text, eqs.(p!5|-[18|). Obviously, £3 is 
always positive; /3 3 is proportional to the positive coefficient of the quadratic term in 
< H 2 > of B 3 , eq.(||), and is also positive; a 3 is dominated by a large contribution in 
Y t A and is therefore negative; finally, 73 is dominated by the negative terms proportional 
to A 2 and + f 2 m 2 R and is negative. The sign of these coefficients imply that any 
real root of E H2 , considered as a cubic polynomial in H 2 , must be positive. Moreover, by 
simple inspection of these roots expressed as a function of the coefficients a 3 , j3 3 , 73, £3, it 
is straightforward to show that the necessary and sufficient condition to have only one 
real root is indeed given by eq.(p3|). 

Let us prove now that the potential V 3 , eq.(P has no local CCB minimum, if the extremal 
equation associated with H 2 , eq.fll4]), has only one real root in H 2 for any value /. 
Equivalently, we can show that if the potential V 3 , eq. ([!]), has one local CCB minimum 
(< H 2 >, < ti >,< / >), then for / =< / > the extremal equation Eh 2 = has neces- 
sarily three real roots in H 2 . 

Let us consider the following continuous path V in the plane (H 2 ,tL,tn): for G 
[0,1/2], we take H 2 = = Ir = 0; for <fi G [H 2 ,< H 2 >], we take H 2 = <fi, 

t L = ^-2B 3 /A 3 \ f=<f> , t R =< f > t L , where A 3 , B 3 are given in eq.(g). Here, the 
positive value H 2 denotes the lowest solution of the equation B 3 = for / =< / >. By 
definition, the path V goes through the origin of the fields and also through the local 
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CCB vacuum for =< H 2 > [see eq.(|5|)]. 

We can show now that, in this situation, it is absurd to have only one real root for the 
extremal equation associated with H 2 , eq.([T4]). By definition, the solutions of this equa- 
tion provide in particular the value H 2 of any directional extremum in the second part of 
the path V, i.e. for <fi e [H 2 , < H 2 >]. Therefore, assuming that this equation has only 
one real root for f =< f > implies that on this part of the path V, there is no directional 
saddle-point. What about the first part of the path V, i.e. for e [0,H 2 ]1 Here, the 
potential V3, eq. ([[]), reads: 

V 3 = H\{m\ + ^^Hl) (A.2) 

For m\ > 0, this potential is monotonous as a function of H 2 and has no non-trivial 
extrema. Hence, in this case, we finally conclude that we can find a continuous path V 
in the plane (H 2 ,tL,tn) which connects the origin of the fields and the CCB vacuum, 
moreover without any directional saddle-point. 

We remind the reader that we have assumed in our study positive squared soft mass 

m~ , m~ to avoid an obvious CCB problem at the origin of the fields and that the CCB 

th ' t R _ 1 

extremum (< H 2 >, < t L >,< / >) we consider is supposed to be a local minimum of the 
potential V 3 , eq. ([[]). In this light, the conclusion obtained for ml > is absurd, because 
in this case the origin of the fields is also a local minimum, so that, necessarily there 
must be a barrier separating it from the CCB vacuum, and a saddle-point on any path 
connecting them. 

The regime m\ < is somewhat more complicated to investigate and requires that we 
adjust the path V to different cases. This comes from the fact that the potential in 
eq.( |A.2| ) has an additional non-CCB extremum, < H 2 >|^= — 4ml/ (gf + #2)5 as noted 
in sec. 3. 4. Therefore, the cases < H 2 >^C< H 2 >-^r , < H 2 >~< H 2 >ew, and 
< H 2 >3>< H 2 >ew should be considered separately. The path V proposed is obviously 
only adapted to the last case. We will not enter into such a detailed, but straightforward, 
demonstration. Actually, assuming that this additional non-CCB extremum is a local 
minimum, as done in this article [see sec. 3. 4, eq.fl3T3|)], it is easy to convince one-self that 
in all these conclusion similar to the one obtained for ml > is obtained: it is 

absurd to suppose that the extremal equation associated with H 2 , eq. flTID , has only one 
solution in H 2 for /=</>, because on any path connecting this additional non-CCB 
minimum and the CCB minimum, there should be a saddle-point which necessarily would 
show as an additional real solution of this equation. 

Hence, without loss of generality, we conclude that if E^ 2 = has only one real solution in 
H 2 for any value of /, then the potential V3, eq. ([!]), cannot have any local CCB minimum. 
In such a situation, the unique solution of Eh 2 = found is spurious and located outside 
the compact domain where < tz > 2 > 0, eqs. CP~2| - P~3| ) ■ 



Appendix B: CCB conditions in the plane (i7i,6^,^i?) 

The procedure to evaluate the VEVs of the extrema of the potential and the geomet- 
rical picture presented in this article hold also for the tree-level potential in the plane 
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(Hi,bL,l>R), provided the bottom Yukawa coupling Yj, is large enough, or equivalently 
for large tan (3. Here, bi and b^ stand for the left and right sbottom fields of the same 
generation, and Hi is the neutral component of the corresponding Higgs SU{2)i scalar 
doublet. In this plane, the tree-level potential reads [ffl, H]: 

V 3 = m 2 H 2 + m 2 b J) 2 L + m~Jj 2 R — lY^A^H^bj})^ + Y^(Hfb^ + H 2 b 2 R + b 2 L b 2 R ) 

+f (h? - 1 - + f (# 2 - %) 2 + f (&£ - %) 2 (b.i) 

This potential is similar to V3, eq. ([!]). In fact, redefining the fields and parameters of V 3 
as follows |, |, § 

Hi — > H 2 , — > Mfl/L 

mi -> m 2 , m Sfl/j . -> m Sfl/L , Yj, — > Y u (B.2) 

we recover V3, eq.(|l|), except for a minor difference coming from the U(l)y D-term. 
The relevant expressions to study CCB conditions in this plane are the following ones. 
The VEV < bi > verifies: 

A 3 < ~b L > 2 +2B 3 = (B.3) 

where 

A 3 = g 2 1 (2<f b > 2 +l) 2 /18 + g 2 2 /2 + 2g 2 3 (<f b > 2 -l) 2 /3 + 4Y 2 <f b > 2 (B.4) 

5 _ ^ „ ^2 [I2n 2 (< h > 2 +1) - Zg\ - g\(2 < fb > 2 +1)] 
B 3 = <H X > 

-2A b Y h < f b >< Hi > +m\+ < f h > 2 m\ R (B.5) 

with fb = bi/bR. Quite similarly to what happens in the plane (H 2 , B 3 tells us 

when the large bottom Yukawa coupling regime opens. This occurs, whatever < fb > 
is, for Y b > Maxy (gl + Zgl) / 12, g 1 /V&] ~ 0.3 (at the EW scale). Using the tree-level 
relation m t /mb = (Yt/Yb) tan/3 ~ 35 0, with Y t ~ 1, this requires tan/3 > 10.5. 
In this large tan (3 regime, we obtain a sufficient bound to avoid CCB in the plane 
(Hi, similar to a[°\ eq.(Q). It reads 



* * 4°» - m iL ^l - + m^l - M^ll (B.6) 

We note however that can be quite small for Yb ~ a/ (fif + 3p|)/12. 
The extremal equation associated with < H\> reads 

asHj 5 + + 7 3 H! + 6 3 = (B.7) 

with 

«s = -36nU 2 + l) 2 +[3^3 2 (^i 2 + ^ 2 )+^2 2 ](/ 2 -l) 2 



.37 



+6Y b 2 g 2 1 (2f* + 6f 2 + 1) + 18Y b 2 g*(2f* + 1) (B.8) 

(3 3 = 9A b Y b f b [12(f 2 + l)Y b 2 - (2f 2 + l)g\ - 3g 2 } (B.9) 
73 = -72A 2 b f 2 Y 2 -3(ml + f 2 ml R )[12Y 2 (f 2 + l)-g 2 ^ 

+m\[12Y 2 f b + g 2 (2f 2 + l) 2 + 9g 2 2 + Ug^f 2 - l) 2 ] (B.10) 

S 3 = 36A b Y b f b (m 2 bL + f 2 ml R ) (B.ll) 

The extremal equation associated with reads 

a 3 f b H 2 + b 3 Hi + c 3 f b = (B.12) 

with 

a 3 = 2n 2 [(18n 2 -12^ 2 )(/ 2 -l) + 9(7 2 -^ 2 (4/ 2 -l)] 

+ (/ 2 - l)[glg 2 2 + 3(gl + g 2 2 )g 2 3 } (B.13) 
b 3 = A b Y b [l2glUt-l)-9g 2 2 +gl{Af A b -l)} (B.14) 
c 3 = -m 2 L [36y b 2 + 12^ 2 (/ 2 -l) + 2^ 2 (2/ 2 + l)] 

+my36/ 2 F b 2 - I223U 2 - 1) + 9g 2 2 + ^ 2 (2/ 2 + 1)] (B.15) 

The VEVs (< Hi >, < f b >) of a consistent CCB vacuum have to verify this set of coupled 
equations and must furthermore be included in the compact domain where < &l > 2 > 0. 
The recursive algorithm to compute the VEVs of the CCB vacuum is identical to the one 
presented in the text for the top Yukawa coupling regime. A convenient initial value to 

accelerate the procedure is = J A 2 +2 Ja l _A r ■ 

V b ~ b R ~ b L 

The optimal sufficient bound A b u ^ below which no CCB vacuum may develop in the 
plane (Hi, 6l, &r) is always given by the largest solution in A b of the equation C3 = 
[2^| - 9a 3 ^373 + 27a 2 5 3 ] 2 + 4[-^ 2 + 3a 3 7s] 3 = 0, taking / = / ; (0) 
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The potential V 3 , eq. ([B.l|) , can have at most three extrema: the origin of the fields, a CCB 
local minimum and a CCB saddle-point. In particular, there is no additional non-CCB 
extremum. Such a possibility would appear for mf < 0, which requires tan (3 ~ 0. This is 
obviously outside the large bottom Yukawa coupling regime and is, moreover, ruled out by 
experimental data. Finally, the necessary and sufficient bound A c b 3 is obtained by scanning 
the region A b > A s b uf and comparing the potential V3 with the EW potential < V > \ew, 



eq. (|26|) . For large tan/3, which implies Y b ~ 1, the appropriate renormalization scale to 
evaluate the tree-level CCB conditions A b , Al 3 in order to incorporate one- loop leading 
corrections, is the SUSY scale Qsusy, quite similarly to the case (H 2 ,tL,tR). 
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